MORSE THEORY AND HIGHER TORSION INVARIANTS I 



Sebastian Goette 



Abstract. We compare the higher analytic torsion T of Bismut and Lott of a fibre bundle p: M — » S 
equipped with a flat vector bundle — > M and a fibre-wise Morse function h on M with a higher 
torsion T that is constructed in terms of a families Thom-Smale complex associated to h and _F, thereby 
extending previous joint work with Bismut. Under additional conditions on F, the torsion T is related 
to Igusa's higher Franz-Reidemeister torsion. As an application, we use the higher analytic torsion to 
detect infinite families of smooth bundles pj: M — > S with diffeomorphic fibres that are homeomorphic 
but not diffeomorphic as bundles. 



This is the first of two papers devoted to a comparison of Igusa's and Klein's higher Franz- 
Reidemeister torsion r with Bismut 's and Lott's higher analytic torsion T. In this paper, we 
evaluate the Bismut-Lott torsion form T for families that carry a fibre- wise Morse function, thus 



extending earlier work with Bismut ( BGl ). In the second part of the series, we relate r and T for 
families with fibre-wise Morse functions in those situations where both invariants are defined. Let 
us recall the development of higher torsion invariants. 

Franz and Reidemeister constructed a numerical invariant tfr of chain complexes in |[R| , F , 
and used it to detect homeomorphism types of homotopy-equivalent Lense-spaces. The higher 
Franz-Reidemeister torsion r is an extension of tfr to families of manifolds p: M ^ B, which takes 



values in the cohomology of B. It was first constructed by John Klein in [K] using a variation of 

iscribtions of r were later given by Igusa and Klein, s 
they computed r in the special case of circle bundles. 



Waldhausen's A-theory. Other describtions of r were later given by Igusa and Klein, see [12] for 
more det allied references. In |[IK 

Given a family p: M 



We will constantly refer to the construction of r in 12 
manifolds, one first finds a function h: M — 



B of smooth 



M that has only Morse-type and cubical singularities 
along each fibre of p, such that the unstable manifolds of the fibre- wise singularities are trivialised in 



a compatible way. By [II], such a "framed" function always exists if dimM > 2 dimS. If dimM < 
2 dim i?, one may replace M by M x MP^^ for some sufficiently large A^. Let F — > M be a unitarily 
flat complex vector bundle that is fibre-wise acyclic, then F and h give rise to a functor from the 
category of generic small simplices on B to the simplicial Whitehead category Wh^{M{C),U) 
associated to the infinite matrix ring Af(C) = lim^M„(C) and the infinite unitary group U = 
\im^U{n). Now, the A;-th higher torsion Tk{M / B]F) is defined as the pull-back of a certain 
cohomology class Dsfc e H^^ {Wh^\M{C),U),^ . 

On the other hand, Ray and Singer defined an analytic torsion T^g of unitarily fiat complex 

[RSJI and conjectured that T^g 



vector bundles on compact manifolds in 
established independendly by Cheeger I 



Tfr,. This conjecture was 
CjD and Miiller ( |[M1J| ), and further generalised by Miiller 
( M2 ) to unimodular flat bundles, and by Bismut and Zhang ( |[BZ1J ) to arbitrary flat complex 
vector bundles. 
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In |BL I, Bismut and Lott constructed characteristic differential forms ch°{\/^ , g^) 



of flat vector 

bundles {F, ) with arbitrary metrics , which provide obstructions towards finding a parallel 



metric. In fact, the forms defined in BL have different coefficients, but we prefer to state the 
results of |BL| in the so-called "Chern normalisation" that was introduced in BGl , for reasons 
explained below. Let p: M — > B he a family of compact manifolds with a horizontal distribu- 
tion M C TM and a metric g'^'^ on the vertical tangent bundle TX, and let {F, V^) — > M 
be a flat vector bundle with metric g^ . Then Bismut and Lott defined a higher analytic torsion 
form T{T^M,g'^^,V^,g^) on B such that 



d^T{T^M, g 



TX 



/ e(V^^)ch°(V^5^)-ch°(V^,5^), 

JM/B 



where e(V^"^) is the Euler form of the vertical tangent bundle with its natural connection V^^, 
and H = H* (M/ B; F) — > i? is the bundle of the fibre- wise cohomology of F, equipped with its 
natural connection V''^ and the L2-metric g^ on harmonic forms. They also showed that the 
component of T{T^ M, g^-^ , g^) in degree equals the Ray-Singer analytic torsion of the 
fibres. 

Formula (*) above in particular implies a "Grothendieck-Riemann-Roch" theorem for flat vector 
bundles at a cohomological level. In |DWW , Dwyer, Weiss and Williams proved such a theorem 
at the level of algebraic X-theory. They also suggested another higher torsion invariant. We do 
not know wether their higher torsion is related to one of the above. 

In [L], Lott defined a secondary family index using the analytic torsion form, which is a real 
analogue of the push-forward in Arakelov geometry. Ma has studied the behaviour of T under 
iterated fibrations in Ma . As a consequence, Bunke showed in |Bu3 that Lott's secondary index 
is indeed functorial. One can use Theorem |0.1| below to evaluate Lott's index in certain cases. 



If the family p: M ^ B has compact structure group G and if F is induced from a G-equivariant 
flat vector bundle on the typical fibre X, then the higher analytic torsion of Bismut and Lott can be 

and 



treated with equivariant methods, see [BL], Chapter 4. In [Bui 



Bu2|, Bunke computed both 



the equivariant torsion and the higher analytic torsion for compact structure groups in degree > 
for fibre-wise acyclic, unitarily flat vector bundles from the equivariant Euler characteristic of X. 
This was used in [Bu4] to construct cohomology classes of Viff (S'^^~^) both with the smooth and 
with the discrete topology. Bunke's results also imply a relation between higher analytic torsion for 
families with compact structure group and equivariant torsion in the special case above, which was 
proved in general in 



BG2 



Since this result depends on the Chern-normalisation of the analytic 
torsion forms, while all other results discussed here hold for any possible choice of coefficients, we 
have chosen to work with the particular normalisation T. 

, ,g^) for families p: M 



In BGl 



we calculated T(T^ M, g^-^ , , g^ ) for families p:M^B with a function h: M 
that is fibre-wise Morse, such that there exists a fibre-wise gradient field for h that satisfies Smale's 
transversality condition on every fibre of p. In this setting, the fibre-wise Thom-Smale complexes 
form a flat Z-graded vector bundle (y^,V^) over B, the metric g^ defines a metric g^ on V, 
and the coboundary map v becomes a parallel section of EndT^. In particular, there is a flat 
superconnection A' = + v oi total degree 1, and we showed that T{T^ M,g'^'^ ,g^) is 
related to the torsion form T{A',g^) defined in [BL], section 2. If H still denotes the fibre-wise 



cohomology and gy denotes the metric induced by identifying H with a subbundle of V using 
finite-dimensional Hodge theory, this torsion form satisfies 



d^r(^',5^) =ch^ 



ch°(V^,5^) 



When [BGl] was written, Igusa's framing principle of [12], chapter 6, was not yet available. Thus in 
order to compare our result with the theory of Igusa and Klein, we could only regard unitarily flat 
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bundles F ^ M such that the fibre- wise cohomology forms a trivial flat bundle over and only 
framed Morse functions h, i.e., Morse functions whose fibre- wise unstable manifolds are trivialised. 
Moreover, we still needed the existence of a fibre-wise Smale gradient field, in which case there 
always is a deformation of /i to a self- indexing Morse function on M — > i?. In this very special case, 
both the higher Franz-Reidemeister torsion of Igusa and Klein and the higher analytic torsion form 
vanish. 

In the present paper, we generalise the results of |[BG1| to families of compact manifolds M — > S 
that carry a fibre- wise Morse function /i: M ^ M, but we do not require the existence of a fibre- wise 
Smale gradient field. Let p:C ^ B denote the covering of B by the fibre-wise critical points of h, 
and let o{T'^X) — > C denote the orientation bundle of the unstable manifolds along C. We still 
define a vector bundle 

V = 7r4F|c®o(r"X)) 

of fibre-wise Thom-Smale complexes. A generic fibre-wise gradient field will satisfy the Smale 
condition everywhere outside a stratified subset of B of codimension 1. Whenever one passes this 
subset, the coboundary map v on the bundle V will change by an elementary isomorphism. This 
elementary isomorphism will change whenever we pass the stratum of codimension 2, and the 
composition of the elementary isomorphisms that we encounter when we go around the stratum of 
codimension 2 will be homotopic to the identity, but not necessarily equal to it. If we fix homotopies 
on the stratum of codimension 2, then these will change when we pass the stratum of codimension 3, 
and the process continues. The algebraic structure arising from these coboundary maps, elementary 



isomophisms, homotopies etc. is called a "system of higher homotopies" in p5]. We encounter 
such structures in Section |l|, where we interpret them as "simplicial superconnections" , since they 
behave similar as classical superconnections, except that the exterior differential d gets replaced by 
the simplicial coboundary operator 5. 

In order to define an analytic torsion form for a family V of Thom-Smale complexes where the 
fibre-wise coboundary map v jumps as described above, we replace the superconnection -|- v 



of BGl by a fiat superconnection A' of total degree \ on V that may now contain terms of 
arbitrarily high degree with respect to ^*{B). This unfortunately implies that the analytic torsion 
form T{A\g^) of Bismut-Lott is no longer defined. However, the Morse function h induces an 
endomorphism hX of V by multiplication with h\c, and we can construct an analytic torsion 
form T{A',g^ , h^) that depends explicitly on , such that still 

d^r(yl',5^,/.^) =ch°(V^,5^) -ch°(V^,ff^) . 



In contrast to the situation in BGl , the form T{A' , hX) can be non-trivial even if the bundle F 
is fibre-wise acyclic and is parallel. For example, it will follow from |I2]| and our results in G 



that T{A\g^ ^ hX) restricts to the Borel regulator classes on the Volodin X-theory space. 

In order to state the main theorem of this paper, let da.°{H, gy , g^^) G Q* [B) / ^* (B) be the 
natural Chern-Simons class satisfying 

d^di°{H,g^,g^^)=di°{H,gl)-ch°{H,g^) . 

Let tlj{V^'^ , g^'^) denote the Mathai-Quillen current on the total space of TX M, such that 

d*^((V^^/i)XV^^,5^^)) = e(rX, V^^) - (-1)^ 



where 6c denotes the current of integration over the critical set C. Finally, let denote the 
additive genus defined in BGl , cf. (3.6) below. 
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0.1. Theorem. Modulo exact forms on B, 

r(r^M,/^,v^,/) -r(^',9^,/.^) -ch°(v^,gf^,5^) 

= - [ ch°(V^,/) (V^^/i)XV^^,/^) +p,((-l)-'i'^Oj(r^X-r"X)) rkF . 
Jm/b 



The formulation of Theorem p.l| precisely equals Theorem 0.1 in BGl in the non-equivariant 
case, only T{A',g^) has been replaced by T{A' , ,h^). In fact, a large portion of the proof 
of Theorem p.l| is identical to the corresponding parts of |[BG1| and has therefore been omitted. 



However, the computation of the limit of the analytic torsion under the Witten deformation in [BGl 
relies on Smale's transversality condition; we give a replacement for this part of the proof in 
Section ^. 



As an application of Theorem D.l, we use the higher analytic torsion to detect homeomorphic, 
but not diffeomorphic fibre bundles. More precisely, we say that two maps p, p':M B are 
homeomorphic (diffeomorphic) as maps iff there exist homeomorphisms (diffeomorphisms) $ of M 
and ^ of B such that the diagramme 

M > M 



B 



B 



commutes. lip and p' are continuous (smooth) fibre bundles, we say that p and p' are homeomorphic 
(diffeomorphic) as fibre bundles iff they are equivalent as continuous (smooth) maps and we can 
take ^' = ids in the diagramme above. The following result generalises Igusa's Corollary 6.5.8 
in |I2J| for smooth bundles that are homeomorphic to trivial bundles. 



0.2. Theorem. For each integer k > there exists Iq > such that the following holds. Letp: M 
B be a smooth fibre bundle with compact, connected, oriented base B of dimension 4k and with 
compact, connected fibres of dimension 21 — 1, where I > lo- Then there exist smooth fibre bundles 
Pj-.M^B for all j ^ Z with po = p, which are all homeomorphic to p as Ebre bundles and have 
diffeomorphic hbres, but which are pairwise not diffeomorphic as Ebre bundles. 

Moreover, if the fibre-wise cohomology bundle H*(M/B; C) admits a parallel metric with respect 
to the GauB-Manin connection, then the pj are pairwise not diffeomorphic as maps. 

We give a more general "quantitative" version in Theorem ^.29 below. The bundles pi are 
constructed by a gluing construction involving homeomorphically trivial bundles with base S"^^ and 
fibre The construction of these bundles goes back to Hatcher and is discussed in Section]^. 

Note that the second statement of Theorem can be proved using an extension of Igusa's higher 
Franz- Reidemeister torsion that we will introduce in [G] . Our proof of the first statement however 



relies on the fact that the higher analytic torsion forms can be defined even if the cohomology 
bundle does not admit a parallel metric. 

In the second paper G ] of this series, we will show that the construction of the bundle {V, A' , hX) 
over B gives rise to a map S,p,h,F from B to Igusa's Whitehead space Wh{Mr{C),GL{r,C)), which 



is homotopic to a similar map constructed in Chapter 4 of |I2|. Conversely, each such functor Cp,h,F 
up to homotopy determines a Z-graded flat vector bundle V ^ B with a flat superconnection A' = 
+ a' and an endomorphism hX . Thus, ^p^h.F is the analogue of a classifying map for flat 
vector bundles with the extra structure described above. The bundle V admits a parallel metric 
that is adapted to hX and A' and the fibre- wise cohomology H = i^*(y, Og) B vanishes iff 
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the image of (,p^h,F lies in the subcategory Wh''{MriC),U{r)) C Wh{MriC),GL{r,C)). In this 
case, the torsion form T{A\g^ , hX) becomes a cohomology class on B, which is the pull-back of a 
cohomology class T € {yVh!^ {Mr{C) , U{r))Y This class T will be shown to equal Igusa's torsion 
class r. 

We also construct a Whitehead space VF?i" (M^(C), f7(r))) that classifies complexes {V,A') as 
above where both F and H carry parallel metrics. Then T = t extends to a cohomology class 
of Wh'^{Mr{C),U{r))). Igusa's general construction gives a map B ^ Wh'^{Mr{C),U{r)), and 
the pull-back yields a new class t{M/B;F) £ H*{B) for all families M ^ B oi smooth 
manifolds with a unitarily flat vector bundles {F,V^ , g^) — > M with unitarily flat fibre- wise co- 
homology {H,V^ ,g^) — the existence of a fibre- wise Morse function is no longer required, and 



compactness of the fibres can be relaxed as in [12 



In the case that the fibres oi p: M ^ B are compact and the bundles F ^ M and H ^ F admit 
parallel metrics, the form 

T{M/B; F) = [T{T^M, g^^ , V^,g^) + ch° (V^, 5^, ^ 



of Definition 2.88 is closed, and its cohomology classes in H*{B) is independent of M, g^'^ , g^ , 
and g^ . Using Igusa's framing principle and Theorem |0.l| , we will prove the following result. 

0.3. Theorem (|[GJ) . Let M ^ B be a family of compact manifolds, and let (F, V'^) —^Mbe 
a fiat complex vector bundle with a parallel Hermitian metric, such that V^) also admits a 
parallel metric. Assume that there exists a function /i: M — > M that is fibre-wise Morse, then 

T{M/B;F) =t{M/B;F)^^^^ + I e{TX)^J{TX) rkF e H*{B) . 

J M/B 

Note that the fibre-wise Morse function does not appear in the conclusion. We conjecture that 



Theorem 3.3 holds without the assumption that such a function exists. In fact, by |[I1| , after taking 
the fibre-wise product with MP^^ for N sufficiently large, there exists a framed function /i: M — > M 
whose fibre-wise singularities are either of Morse type or cubical. In order to treat the general case. 



it thus remains to incorporate cubical singularities into Theorems D.l and D.3. 

The present paper is organised as follows. In Section |l|, we construct a CW-structure on M over 
a fixed simplicial structure on B, such that the cells of M over each simplex of B give a decom- 
position of the fibres that is adapted to h. We then describe how to turn the dicrete coboundary 
operator of the CW-complex into a smooth flat superconnection A' on the bundle V. We also con- 
struct a de-Rham or "integration" map / that gives a quasi-isomorphism from the total de Rham 
complex (r2*(M; F), V^) to {^*{B; V); A') and has certain geometric properties that are needed in 
Section ||. 

In Section we recall the definition of the characteristic form ch(V^,(7^) and of the analytic 
torsion classes T{A',g^) and T{T^ M, g'^^ , g^) G Q* (B) / n* (B) from [BL] and |[BGT]1 . We 



describe the behaviour of the superconnection A' and the endomorphism on V, and use it to 
define the torsion class T{A' , g^ , h^) £ Q* (B) / {B) . This definition already involves a finite- 
dimensional Witten-deformation on V, which is similar to the Witten deformation used in the proof 
of Theorem p. 1| . We also define the higher torsion classes T{M/B; F, h) and T{M/B; F) if F and H 
are unitarily flat. 

In Section |^, we show that Theorem is compatible with several known results on higher 
analytic torsion. We apply our result to study Lott's -fC^j^P^^l^down. We then recall the outline 



of the proof of Theorem 0.1 in [BGl], stating all the intermediate results needed to prove it, and 



noting that all but one of these intermediate steps hold unchanged in our situation. 
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In Section ^, we study the behaviour of the analytic torsion form T{T^ M,g^^ ,g^) under 
Witten deformation, without using the Smale property. Here, we use ah the properties of the super- 
connection A' on V , the map /: Q.*{M; F) ^1,*(B; V), and the higher torsion class T{A' , hX) 
that were established in Sections || and |2[ 

Finally, in Section ^, we use Hatcher's example of a non-linear disc bundle to construct a certain 
sphere bundle p:M — > B. Using the higher torsion invariants, we see that p:M^B\s homeo- 
morphic but not diffeomorphic to a trivial sphere bundle. Thus we recover a result by Bokstedt, 
cf. 



12|, Chapter 6. 



We also discuss 



We then use Hatcher's example prove Theorem above. 
Lett's conjecture that the ii'^i'Pushdown is related to a Becker Gottlieb transfer. 

We have not attempted to keep this paper self-contained, because we rely heavily on the methods 
However, at the beginnings of Sections |l] and ||, we recall all necessary con- 



and results of [BGl 



structions from |BLf and BGl , so that at least the part of this paper that constructs T{A\g^ , hX) 
is reasonably self-contained. 

We are grateful to J.-M. Bismut, U. Bunke, and P. Teichner for fruitful discussions and their 
interest in this project. We are in great debt to K. Igusa for giving us some topological background 
of his work |I2J| on higher FR-torsion, and for explaining Hatcher's example, cf. Section ^. We also 
thank the Mathematical Sciences and Research Institute at Berkeley and Igusa's family for their 
hospitality. 



1. Generalised Thom-Smale complexes 

Let M — > be a smooth bundle with compact fibres, and let /i: M — > R be a Morse function 
on each fibre. We show that one can patch together locally defined Thom-Smale complexes for h 
to obtain a finite-dimensional vector bundle V ^ B with a flat superconnection A\ and a cochain 
map /: (Q*(M; F),d^^) V),A') Together with the action of the Morse function on V, we 

obtain an example of a family Thom-Smale complex as defined in Definition 2.35| . 

We start by reviewing in Section l.a the construction of a Thom-Smale complex {Q*{B; V), A') 
associated to a family of fibre- wise Morse-Smale gradient fields, cf. 



BGl], Chapter 5. In Section^ 



we state some simplifying assumptions on the local geometry of M and F near the set of fibre- 
wise critical points. Dropping the Smale transversality condition, we construct in Section l.c a 
particular CW-complex that is adapted to a simplicial complex S on the base space B. The 
coboundary operator of the associated cochain complex naturally leads to the notion of a flat 
"simplicial" superconnection 6 + a, see Proposition |1.31 . This is nothing but a "system of higher 
homotopies" as defined in chapter 3 of 12 . We also construct a quasi-isomorphism relating 
to 6 + a. 

In the next step, we lift the simplicial superconnection to a neighbourhood of the diagonal 

In Section lO, we extend it to a flat "mixed" simplicial and differential 



in B X B in Section l.d 

superconnection. The construction in Proposition 1.47 is reminiscent of the spectral sequence 
proof of de Rham's theorem that simiplicial cohomology and de Rham cohomology are isomorphic. 
Nevertheless, the situation here is more complicated since flat superconnections obey a quadratic 
equation, while the equation for cohomology is linear. Note also that we have to construct an 
explicit quasi-isomorphism from Q*{M;F) to 0,*{B;F) with certain geometric properties that will 
be crucial in Section ^; this is done in Proposition 1.54 . Finally in Section Lf, we pull the purely 
differential part of the mixed superconnection back to i? by a partition of unity, to obtain a flat 
smooth superconnection on the Thom-Smale bundle V ^ B in Definition 1.60 . The main properties 



of our construction are summarized in Theorem 1.61 



l.a. Local Thom-Smale complexes. Let p: M ^ B he a fibre-bundle with compact fibre X, and 
let ^ M be a flat vector bundle, giving rise to a de Rham complex i}*{M;F). Let /i: M — > M 
be a family of Morse functions on the fibres of p. and let C C M be the fibre-wise critical set 
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of h. Then C forms a finite covering p = p\c: C ^ B. If denotes the critical set of index j, 
then jP = p\(jj ^ B is also a covering, and p is the disjoint union of the coverings Poi Pi, • • • 

Let TX M denote the vertical tangent bundle, and let T*X©r"X — > C be any decomposition 
of TX\c such that the vertical second derivative (Ph: {TX)"^ — *■ R of becomes positive (negative) 
definite on T^'^X (on T'^X), and sTich that cPh vanishes on T^X x T'^X. Then the orientation 
bundle o{T'^X) = A™^^r"X is independent of the choice of such splitting. 

1.1. Definition. Define vector bundles 

= F\cj o(r"X) — > , 
yj = gyi B , 

and End'^ F = Hom {V^ , V^+'') C End V 

j>0 

Let V^, and V^°"^^ be the fiat connections on V and V respectively that are induced by V^. 

1.2. Definition. Let G r(Endy) denote multiplication by j on , and let G r(End° V) 

be its pushdown to B. Multiplication by h\c onV will be denoted by , and its pushdown to B 
by G r(End° V). Then both and extend to fi* (S)-linear endomorphisms of n*{B, V). 

An endomorphism e G Q,*{B,EndV) will be called strictly -increasing if e maps the A- 
eigenspace of to the sum of eigenspaces of eigenvalues strictly greater than A. In other words, 
such an operator maps subspaces C for c G to the sum of subspaces T^' with c' e p^^b 
and h{d) > h{c). 

1.3. Definition. For b E B, let End+ V;, = 0j^.g2End^ H be the space of strictly /i^-increasing 
endomorphisms of Vb- Let 

r(End+ V) = {ee r(End F) | G End+ H for all 6 G S } , 
and n*{B;End+ V) = n*{B) r(End+ V) . 

Note however that the spaces End+ Vb may not form vector bundles over B because h is not 
locally constant on C. 

1.4. Definition. Let F°{M;F) D F\M;F) D ... and F^{B;V) D F\B]V) D ... be the 
filtrations of Cl*{M;F) and rt*{B,V) respectively by horizontal degree, given by 

FP{M; = FP'''{M; F) , 

k 

with FP'\M; F) = {ae Q^M; F) \ tx^ ■ ■ ■ ^x,.^a = for all Xq, . . . , X^-p G r(rX) } 
and FP{B;V) = ^ni{B;V) . 



v=[jv^ = F\c ® o(r"X) — ^ c , 
V = ^V^ =pS B , 

J>0 



We can choose an open cover iY = {[/i|iGX}, such that we have vertical metrics gf'^ 
on TX|p-i over for which h becomes a fibre-wise Morse-Smale function. Let Mf — > 
p~^{Ui) C C with M"|c C iVip(c) denote the bundle of unstable cells of the fibre-wise negative 
gradient flow with respect to the metric gj-^ . 
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1.5. Definition. Set 



if. n*{M;F) n*{r\Uiy,v\p-i^u.)) , a ^ l a 



and h: n*{M-F) ^ ^*{U,-V\u^) , a. 

Jm^/b 

Note that li and li are r2*(i?)-linear in the sense that 

ii{p*aAP)=p*aAiiiP) and Ii{p* a A [i) = a Mi{fi) . 

By BGl , Theorem 5.5, these maps are C°° under the simphfying assumptions of Section |l.b| . 

Summarizing the results of BGl , Sections 5.4 and 5.5, in particular Theorem 5.8, we obtain 
the following characterisation of li . 

1.6. Theorem. There exists a unique coboundary operator di G r(End^y|[/.) such that the 
superconnection A'- = di + on V is hat and 

ii(n*{p-\u.),F\p-^^u.)),v'') {n*{Ui,v\u^),A',) 

is a quasi-isoniorphism of complexes respecting the hltrations by horizontal degree. If we denote the 
spectral sequences associated to the hltered complexes above by {El.{M; F), dk) and {El{Ui; V), dk) 
respectively, then li induces isomorphisms 

li.: {El{M;F),dk) ^ {El{Uf,V),dk) for k > 1. 

We will be mainly interested in the Eq- and E'l-terms of these spectral sequences. Let M C 
TM be a horizontal subbundle complementary to TX, and let 17 G Q'^{B,p.TX) be the associated 
fibre bundle curvature. Then the operators d^^ on Q*{M) and on Q*{M;F) split naturally as 

dA^ = d^ + V^*(^)-in and V^ = V^I^ +V^*(^=^)-.f, 

with respect to the splitting 0*(M) = and 0*(M;F) = Q* {B^Q* X; F) defined 

by M. The operators d^ and V^'-^ induce operators on the quotients 

FP{M)/FP+\M)^nP{B;n*{X)) and FP{M;F)/FP+\M;F) ^ nP{B;n*{X;F)) 
respectively, which are independent of M. We have 

(1.7) {EP{M;F),do) ^ (f7^'(i?; F)) , V^l^) , and {E^{Ui;V),do) = {nP{Ui-V),d,) . 



1.8. Definition. Let H = H^^{M/B;F) denote the bundle of the fibre-wise cohomology with 
its natural flat Gaufi-Manin connection V^. Similarly, let Hi = H*(V;di), and let V^' be the 
connection induced by V^. 

By flatness of A[, the operator di is parallel. If follows that V^' is well-defined and flat. As in 
BGIJI , we have 

{EUM;F),di) ^ (0*(i?;F),V^) , and {EUUi;V),di) ^ {n* {Ui; Hi),V''^) . 



By Theorem |1.6| , the integration map gives an isomorphism of these Si-terms. In particular, there 
is an isomorphism of flat vector bundles 
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l.b. Some simplifying assumptions. In this section, we construct vertical metrics g^'^ , hor- 
izontal subbundles M, and metrics on F, satisfying certain properties that we will use 
throughout this section and Section ^ 

Let p: M — > i? be a smooth bundle with compact fibres, and let /i: M ^ M be a smooth function 
that is Morse on each fibre of p. Let p = p\c- C — > B be the finite covering of B by the fibre- wise 
critical points of h. Let (F, V^) — > M be a flat vector bundle. 

For a Euclidean vector bundle vr: {E,g^) — > M, define 

DrE = {e e E \ \e\ <r} . 

A Euclidean connection on E with curvature F^ naturally defines a horizontal subbundle E 
of the tangent bundle TE to its total space, such that the fibre bundle curvature Q^: i:*TM — > E 
takes the form 

(1-9) ^''{v,w)e = -[vMi =Fv,^^. 

where u, u) G T{T^ E) are horizonttal lifts of vector fields v, w on M, and e G E is a point on the 
total space. 

If g'^^ is a vertical metric on TX M, let T^X C TX\c (T^'X C TX\c) denote the sum 
of all positive (negative) eigenspaces of the second derivative VV/i E r(EndrX|c), so the bun- 
dle tt: TX\c C splits as TX\c = T'X T^'X. Let C/^(C) denote the fibre-wise neighbourhood 
of C of radius r, and let exp^: TX — > M be the fibre-wise Riemannian exponential map. 

1.10. Proposition. There exists a horizontal subbbundle T^ M C TM, a vertical metric g^'^ 
on TX, a metric g^ on F, and a Euclidean connection V^''^'^ respecting the splitting TX\c = 
T^X © T^X, with the following property. For each compact subset K C B there exists an e > 0, 
such that 

(1) over K, the fibre-wise exponential map exp^ \D2eTX\c induces an isometry onto its im- 
age U2e{C), and its differential maps T^{TX) to T^ M\u^^(^c)j 

(2) the Morse function /i|c/2e(c) ^'s for c G C\k and (z*, z"") G D2eTXc given by 

I 1 2 I 1 2 



/i(expf = h{c) + ' ' ^' ' ; 

(3) over K, the fiat bundle {F,V^ , g^)\u^^(^c) is isometric to n* {F\c,V^\c, g^\c)- 
Proof. This follows easily because the classical Morse lemma holds for families. □ 

If conditions (1) - (3) above hold for T^ M, g^-^ and g^ , we will say that T^ M, g^-^ and g^ 



satify the simplifying assumptions of Section |l.q . We assume throughout this section that this is 
the case. For simplicity, we may assume (at least for the purpose of estimates) that B is compact, 
so that we may fix an e > as in Proposition |1.1C for all of B. 



In particular, the closures of the 2e-tubular neighbourhoods of different leaves of the critical 
covering p:C B do not intersect, and h differs by at most 2e^ from h\c along the fibres of 
these tubular neighbourhoods. For each flow line 7 of the negative gradient flow, this implies 
that h{c-) — /i(c+) > 4e^, where c± = limt^±oo 7(t) G C. 



I.e. A CW eomplex for a fibre-wise Morse function. In Section La, we recalled from [BGl 
how to associate a family of CW complexes to a flbre-wise Morse function h in the special case that 
there exists a fibre-wise Morse-Smale gradient field for h. In this subsection, we similarly construct 
a CW complexes on M over a simplicial complex S on B for general fibre-wise Morse functions. 
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With respect to these complexes, the map p: M ^ B will be cellular, and the preimage of any 
simplex \a\ in M will consist of one cell Ma{a) of dimension k + ind/i for each leaf Cq,(o") of the 
critical covering p:C —> B. 

Let the standard k-simplex be a fixed closed afiine fc-simplex C M'^, whose corners will be 
enumerated Afc(O), . . . , Afc(fc). Then for each finite sequence of integers < io < • • • < «2 < 
there is a unique afRne map fia...ii'- mapping A;(j) to Afe(ij). We call fiQ...ii a fece of A^ 

if io < • • • < *i , and a degeneracy otherwise. 

Let xo, . . . , cCfc are barycentric coordinates on A^, i.e., Xj is an affine function on A^ C M*^ that 
takes the value 5ij at Afc(i), and + • • • + = 1. Let Wij denote the constant vector field on M'^ 
with Wij = Afc(j) - Afc(i) e M'^, so 



(1.11) Wij{xi) = < 



— 1 for Z = i, 

1 for Z = j, and 

otherwise. 



We recall that A^ is oriented by fixing the oriented base u;o,i' ■ ■ ■ > ""^o,*:) and that dAk is oriented 
such that prefixing an oriented base of dAk with an outward normal vector gives an oriented base 
of Afc. Then we have 

k 

dAk = 5](-l)Vo...i...fcAfe_i . 

i=o 

1.12. Definition. A smoothly embedded k-simplex in i? is a map cr:Ak B that extends to a 
smooth embedding of some small neighbourhood of A^ in M*^ into B. Let \a\ be the image of a, 
and write a-, = (j(Afc(j)) G -B for < j < A:. 

A smooth ordered simplicial complex S on B consists of sets Sk of smooth /c-simplices in B for 
each A; > 0, and of face maps Fi^^^^^^i^: Sk Si for each finite sequence of integers < zq < • • • < 
ii < k, such that 

Fio,...,M =(^° fio,-,ir — ' 

and B is the disjoint Tinion of the interiors of the images of all simplices in S. We say that a' G Si 
is a face of cr € Sk, if cr' = Fig^^^^^i^{a) for some face map -Fjo,. A simplicial subset of 5 is a 
closed subset that is a union of images of simplices of S. 

We will now fix a smooth ordered simplicial complex S on B. Let us assume that S is so fine that 
each simplex in S is uniquely determined by the set of its vertices. We will write shortly aig^,,,^ii 
for the face Fi,^^_^_^i^{a), thereby identifying vertices aj with their images in B. Note that we will 
not need degcrated simplices or degeneracy maps for most of the following constructions. 

1.13. Remark. By the definition of a smoothly embedded /c-simplcx a in B, we can pull the bun- 
dle M ^ B back to a neighbourhood U{Ak) of Ak in M'"'. In particular, we can say a vector field 
on p~^(|cr|) C M is smooth if its pullback extends smoothly to the pullback of M to U{Ak). If two 
smooth submanifolds of p~"^(|(t|) intersect, we can say that they are transversal if their pullbacks 
extend to smooth submanifolds over U(Ak) that intersect transversally. This makes sense even if 
the original intersection took place in the boundary of p~^{\a\). 

For each A;-simplex a e Sk, let P(cr) = C||o-|/ \a\ be the set of leaves of the covering p:C ^ B 
restricted to \a\. For a € Pi^y), let Ca{a) be the corresponding leaf of C||o-|- Let ha be restriction 
of h to Ca{(j), regarded as a function on \a\, and let indc denote the fibre- wise Morse index of h 
at Ca (cr) . We choose the simplical structure on B fine enough such that 

(1.14) \ha{q') - ha{q)\ < y for all a e P{a) and all q, q' e \a\. 
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Let us define a relation on P{cr) by setting 

(1.15) a P iff {hp — ha){q) > for some q e \cr\. 

1.16. Remark. 



(1) Assumption (1.14) guarantees that -<a- is a partial ordering on P{(t). 

(2) If a cj' is a face of a, then refines on 

(3) Because of the simplifying assumptions of Section |l.b| , the unstable cell M"(C/3(o")) can 
only intersect the closed 2e-tubular neighbourhood of Cq,((t) if a P- In particular, there 
is no negative gradient flow line with respect to g^'^ from C^(o") to Ca{cr) over some q £ \a\ 
unless a -Ka- P- 

Using barycentric coordinates and the vector fields Wij of (1.11), we construct compatible vector 
fields on all simplices of S. 



1.17. Proposition. The vector fields 



0<i<j<k 



on the standard simphces have the foUowing properties: 

(1) wiienever < < • • • < < A:, we have 

Wk o /i„,...,,, = o Wi , 

in particular, Wk is tangential to all faces of A^; 

(2) Wk vanishes only at the vertices Afc(j) of A^, where it has non-degenerate zeros, and the 
stable and unstable tangential subspaces are spanned by wqj, . . . , wj-ij and by Wjj+i, 
. . . , Wj^k respectively; and 

(3) the stable and unstable cells ofWk at Afc(j) are given by 

M^(A,(i)) = |/o,...,,| \ |/o,...,i-i| and M"(Afc(j)) = |/,, ..,,^1 \ . 



By [S], the vector field Wk can be obtained as a gradient field of a Morse function on Ak with 



respect to some Riemannian metric. 



• 



• 1 



2 

/K 



^ ^ 



Figure 1.18. The vector fields Wk on small standard simplices. 



Proof. Because Wij is tangent to all faces of A^ containing i and j, and because XiXj vanishes on 
all other faces of A^, the vector field Wk is tangential to all faces of A. Now (1) follows by an 
elementary calculation. Also, it is clear that Wk has non-degenerate zeros at the vertices of A^ of 
the type described in (2). 
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To prove that Wk has no other zeros and to determine the stable and unstable cells, regard the 

k 

j=0- 



affine function /i^ = Yl''=oj ^j- have 



(1.19) Wk{hk)= U-i)x^x,>0, 

0<i<j<k 

with "=" only at the vertices of A^, which completes the proof of (2). 

By (1.19) , each trajectory 7(4) of Wk converges for t ±00 to a zero of Wk- By (1), each face 
of Afc is invariant under the flow of Wk- Since the dynamics of Wk near the vertices are given 
by (2), (3) now follows easily. □ 

Property (1) guarantees the existence of a piece- wise smooth vector field Wb on B such that 

Wb o a = Da o Wk 

for all k and all a £ Sk- Note that Wb looks like the negative gradient vector field of a Morse 
function when restricted to the image of a single simplex. 

Let Wb be the horizontal lift of Wb to M, so Wb is now a piece- wise smooth horizontal 
vector field on M. We fix a smooth cut-off function (pM'-M [0,1] with support in U^{C) 
and ^m\u^/2{c) = 1) ^i^d define vector field 

(1.20) W = -V^^H + ^mWb - 



Then W is smooth on p~^(|(t|) in the sense of Remark 1.13 for each simplex a £ S- We denote 
by M^{x,a), M^{x,a) the stable and unstable cells of the flow of W restricted to p~^(|(t|) at a 
critical point x of W, while M^, still denotes the fibre-wise stable and unstable cells of —V'^-^h- 
For c S M, we define the sets 

h~^{ha + c) = {xe p~\\a\) I h{x) = K{p{x)) + c] , 
h~^{ha -1-c, 00) = { X G p~^{\a\) \ h{x) > ha{p{x)) + c] , 
and h~'^{-oo,ha + c) = {x ep~^{\a\) \ h{x) < ha{p{x)) +c} Cp~^{\a\) . 

1.21. Proposition. The zeros ofW are precisely the points p~^{\a\) G C for a E Sq- For each k 
and each k-simplex a £ Sk, the Bow ofW preserves both p~^{\o'\) C M and C{\a\)- IfW vanishes 
at X £ p~^ {\a\) , then there is a coordinate chart Tp:U V of M around x that maps p~^ {\a\) H U 
diffeomorphicaUy onto ([0, oo)'^ x M") n V, such that W is in this coordinates given as 

(1) (Di; o ty)|,-.(|.|)n^ = (±V^ 4^ ± ° W\p-HH)nu • 
For a E -P(o"), let x E Cq,(|(t|) project to the j-th vertex aj of \a\- Then we have 

(2) M^{x, a) n h-^ (^-00, + ^ e^^ = D^T^X 
and M^{x,a)nh-'(^ha-^e^,^^ = i?^^T^X|c„(|,^. 



Ca (|cro,...,j|\|CTo,...,j-l|) 



Moreover, if y is another critical point of W and M^{x,a) D M^{y,a) 7^ 0, then either (3 = a 
or (3 -<cr OL. 
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Proof. The first two claims of tlie proposition follow directly from our construction. Let a; be a 
zero of W with p{x) = aj. We can choose a coodinate chart of B that restricts to the barycentric 
coordinates of \a\, except the jth. Composing with p, we obtain a chart V'o of C around x. Finally, 
we obtain the desired chart by trivialising and T"X ^ C by parallel translation with respect 



to the connection V"^"^'"^ of Proposition 1.10 , along paths starting from x that are radial in the 
chart ipQ. 

Let 0" S Sfc be a /c-simplex, and let hk be the function constructed in the proof of Proposition |1.17| , 
which we now regard as a function on \a\ C B. Then for some sufficiently large C > 0, we clearly 
have 

W{h-Chk) < , 

with "=" only at the zeros of W. This shows that each non-constant flow line j{t) converges to 
zeros of W for t — > ±00. 

We will restrict our attention to the unstable cells of W and —V'^^h, the stable case being 
completely analogous. By our simplifying assumptions and because ^PmWb is horizontal, W is 
tangential to the subset D2eT^X of the 2e-tubular neighbourhood U2e{C a{\<y\)) ■, and restricted 
to U2e{C a{\(y\)) the unstable cells of x is 

D2eT''X\ 



I Ca ( I Co , 



+ l fcl) • 




I \ \ \ 




Figure 1.22| . The vector field W near the fibre-wise critical set of h. 



Now regard a typical flow-line 7(t) of W with limi^_oo7(i) = x. Unless 7(f) G CQ,(|cr|) for 
one t G M (and thus for all t), the flow-line 7 will leave U2e{Ca{\<y\)) at a certain times with 

/i(7(io)) < K{p{-i[h))) -28^ . 

Because supp((/?Af) C [/^(C), the trajectory 7 will now follow the fibre- wise flow of —V^-^h until 
it enters Us{C/3{\a\)) for some (3 Let ti > to be the time where 7(t) enters the larger neighbour- 
hood U2e{Cfi{\a\)), and let 7(ti) = G dD2,TX\c^i\^i). Since 7(i) hits U.iC^Hal)), clearly 

|z"|<e and {z'l = {Ae'^ - {z^'f)^ > VSe , 
so by Proposition |1.10| (2), 

ha{p{l(.to))) - > h{j{to)) > h{j{h)) > hp{p{j{h))) +£^ 
where of course ^(7(^0)) = Piliti)) G \a\. In particular, we have /? -<ct a by |(1.15) 



Repeating this argument starting from the time where j{t) leaves C/2e(C'/3(|c|)), we check that j{t) 
passes the e-tubular neighbourhoods of a finite number of critical levels that form a decreasing 
sequence with respect to the partial ordering -<(j. The vertical movement inside the larger 2e- 
tubular neighbourhood of any of these fixpoints will decrement h{'y{t)) by at least 2e^, while the 
horizontal movement introduced by ipM Wb can increment h('~f{t)) by at most e^/2 by (1.14). This 
shows in particular that h{'~f{t)) < ha{p{^{t))) for t > to, and as claimed, 

3 



M^ix,a)nh-'[h 



■ e^, 00 



I) 



□ 



In order to describe the closures of the stable and unstable cells geometrically, we need the notion 
of submanifolds with conical singularities. We recall the recursive definition in La| . 
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1.23. Definition. A stratified subset S = (Sq, . . . , S^) is a submanifold with conical singularities 
of dimension k, if 

(1) for any < i < k, the set \ S^+i is a smooth submanifold of M, 

(2) around each point x € T,i \ S^+i, there is a C°°-coordinate chart C/^ M™" of M that 
maps Ux n (Sq, . . . , Si) to 

R''-' X (ro,...,ri) , 

where T = (Tq, . . . ,Ti,) C is a submanifold with conical singularities, and 

(3) around each x G S^, there is a C^-coordinate chart U'^ ^ M"" of M that maps S n C/^ to 
the cone of a (fc — l)-dimensional submanifold of S^~^ with conical singularities. 

Two submanifolds T, and T C M with conical singularities are said to intersect transversally 
iff \ intersects Tj \ Tj_|_i transversally for all i, j. 

1.24. Remark. Let S = (Sq, . . . , S^) be a submanifold with conical singularities of M, and let T C 
M be a submanifold. Suppose that T intersects a stratum Sj \ Sj+i transversally. Then there is 
a neighbourhood C/ of T n (Sj \ Sj+i) in M such that T n [/ intersects n [/ transversally in [/ 
for all i < j. 

Note that |cj| C B and p"^(|cr|) C M are submanifolds with conical singularities. We now 
want to take the unstable cells of W to form a CW-complex on M whose cells are submanifolds 
with conical singularities. By the following generalisation of a result of Laudenbach, it suffices to 
deform W in such a way that a suitable version of the Smale transversality condition along the 



lines of Remark 1.13 holds. For a fixed simplex o" S S, let h': \a\ — > M be a smooth function such 
that h'{q) is a regular value of /i|p-i(g) for all q £ \a\. 

1.25. Proposition. Let a £ S be a fixed simplex. If the stable cells M^{x, a) intersect the unsta- 



ble cells M^{y, a)ofW transversally inp~^{\a\) C M in the sense of Remark \l.lc , then M^{x, a) 
and M^(y,a) are submanifolds of M with conical singularities. 

If for a fixed zero x of W over \a\, all M^{x',a) with x' £ M^{x,a) n h~'^{h', oo) meet 
all M^(y,(T) with y G h~^{h', oo) transversally in the sense of Remark then M^(x,cj) n 

h~^{h') is a submanifold ofh~^(h') with conical singularities. The strata of (x, a) D h~^(h') are 
of the form M^{x' ,a')nh~^{h'), where a' is a face of a and x' £ M^{x,a)np~'^{\a'\)nh~^{h' ,oo). 



Proof. First, assume that for one of the unstable cells M^{x, a), all M^(x' , a) with x' G M^{x, a) 
meet all M^{y, a) transversally in the sense of Remark |1.13| , for a fixed a £ Sk and a zero x of W 
over p~^(|(t|). In particular, we can pull M and W back to by a, and we can extend the pull- 
backs p: M ^ Afc and W smoothly over a neighbourhood U of Afc in M'^, preserving all transversal 



intersections. Because W takes the form of Proposition 1.21| (1) near zeros of W, Laudenbach's 



arguments in |La imply that the closure M-^f{x, U) of the unstable cell at the pullback x of x is a 



submanifold with conical singularities whose strata are unions of other unstable cells. 

Let H be an affine hyperplane that contains a codimension 1 face of A^. Me may assume 
that p~^{H) is preserved by the flow. Assume first that p{x) ^ H, then M^{x, U) may hit p~^{H), 
but it cannot extend across p~^{H). On the other hand, assume that p{x) G H. Then it is easy 
to see that either M-^r{x, U) is contained in p~^{H), or Mjy{x, U) intersects p~^{H) transversally. 

Similar statement hold for all zeros x' G M^{x,U). This implies that M^(x, C/) np~^(Afc) is 
again a submanifold with conical singularities, which has some extra strata given as intersections 
of unstable cells with p-preimages of faces of A^. 

Going back to M, we know now that the strata of M^(x, a) are unions of sets of the form 

(1.26) M^{x',a)np-\\a'\)=M^{x',a') , 
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where a' is a face of a, and x' G M^(a;, cr) H p~"'^(|cj'|) is a zero of VF. A similar statement holds if 
we reverse the roles of the stable and unstable cells. 

Finally assume that /i': \a\ ^ M is a smooth function such that is a regular value of /i|p-i(q) 
for all q G We also assume that for one of the unstable cells M^(x,(t), all M^{x',a) 

with x' £ M^{x,a) H h~^{h', oo) meet all M^{y,a) with y £ h~^(h', oo) transversally in the 
sense of Remark |1.13| . Then the same argument as above implies that M^(x,cr) n h~^{h') is a 
submanifold of h~^{h') with conical singularities, whose strata are of the form M^(x' ,a')nh~^{h'), 
for cj' a face of a and x' e M^{x,a) n p-^{\a'\) n h-^{h',oo). □ 



We use Proposition 1.25| inductively to vertically deform W such that Smale's transversality 



condition holds in p ^(|(t|) in the sense of Remark 1.13| . 



1.27. Proposition. After a small vertical perturbation of W outside U2e{C) that is smooth on 
each p~'^{\o'\), the closures of the stable and unstable cells M^{x,a), Myy{y,a) are submanifolds 
of M with conical singularities. The strata of M^{x, a) are unions of sets M^{x' ,a'), where a' is 



a face of a, and x' is a zero ofW. IfW already satisfies the transversality condition of Remark 1.13 



over each closed simplex of a simplicial subset Bq C B, then W can be deformed in such a way 
that W\t^-i(^Bo) affected. 



Proof. By Proposition |1.25| , it suffices to establish transversality in the sense above. We proceed 
by induction of the degree k of the simplices of S, modifying W only over those fe-simplices where 
the the stable and unstable cells do not yet meet transversally. Then the relativity statement above 
is automatically satisfied. For fc = 0, we can achieve transversality by the classical argument of 
Smale ([[S]). 

Thus assume that a £ Sk with k > 1, and that transversality in the sense of Remark [1.13| 
already holds over each face of d\a\. Let x, y be two zeros of W on with {x} = Ca{(Ti) 

and {y} = Cf^(aj). If M^{x, a) n M^(y, a) / 0, then < i < j < /c, and 

p{M^{x,a)r\M^[y,a)) C |cJi,...j| \ U . 

Unless i = and j = k, the simplex (yi^,,,^j is a proper face of ex, and we know by induction that the 
intersection of M^(x,(t) and M^{y,a) is transversal over |(Ti^...^j|. Let 7(t) G M^(x, (T)nM^(y, cr) 
for some flow-line 7(t) of VF, then limt^_oo = x and limt^oo = V- By definition of Wk and W and 
using Proposition |1.17] , it is easy to check that 



(L28) 



T^{t)M^{x,a) = T^(^t'^{p ^ |cri,.,,,fe|) modT^(t)(p ^ |cJi,...j|) 
and r^(t)M4.(y,cr) = r^(t)(p"^ |cro,,.,j|) mod T^(^t){v~^ \<^i,...,j\) 



for all t G M. Together with transversality over |cri_...^j|, i.e., 

j\) C r^(t)M^(x,cj) +r^(t)M^(y,cj) , 

we obtain transversality in p~"'^(|cr|). 

Now assume that x G Cq(|c7|) and y G C/3(|o"|) with p{x) = ctq and p{y) = Uk- By Proposi- 



tion 1.21, we must have either j3 = a or (5 -<„ ol- In the first case, the intersection takes place 
along 

(1-29) C„(|c7|\(|ai,...,fc|U|ao,...,fc_i|)) 



and is clearly transversal by Proposition 



1.21 
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We are left with the case {x} = Cq,((To), {y} = Cp{ak) with j3 -Kcr ct. We start another 
induction over a, where we complete -<(, to a total ordering <fj. Fix a and assume that M^(x' ,a) 
and M^{y,a) intersect transversally for all zeros x, y oiW with x € CQ,/(|cr|) for some a' a, 
and with y G C(|cj|). This is in particular true for the smallest a. 

Let S2eT^X = dD2eT^X be the sphere bundle in T^X of radius 2e. We may fix a small open 
neighbourhood Ua of S'2eT"X|(7^(|(j|) in the hypersurface 

h-\K - 2e') r\p-\\a\) = { z G p-\\o\) \ h{z) > K{p{z)) -2e^] , 

such that Ua n U2e{{C'^{\a\)) = for all a' a. Then we have in particular Ua n M^{x' , cr) = 
for all x' G Cq,'(|o"|) with a' <ct a, so a small modification of W along Ua over the interior a of 
will not destroy any transversal intersection established in a previous step. Note that for Ua small 
enough, we get 

M^(x,a)nC/„ = 52e™|c,(,,,) • 

Our goal is to find a diffeomorphism Fa of Ua that is an arbitrarily small perturbation of idu^ , 
that equals id[/^ outside some compact subset of Ua r\p~-^{cr), and that preserves fibres of p, such 
that the intersections of 

Fa{S2sT^X\c^{\cr\)) 

with all M^{y,a) D Ua become transversal in Ua- We will then cut M along Ua C h~^(ha — 2e^) 
and glue the two sides back using Fa ■ Clearly, we can get the same effect by a suitable perturbation 
of W "just below" h~^{ha — 2e^), so that M^|;72e(c) is unaffected. Moreover, Proposition 1.2l| still 
holds for the modified vector field W. 



By induction over a and by Proposition 1.25 , we know that M^{y,a) H C/q is a submanifold 



of h~^{ha — 2e^) with conical singularities for all zeros y of W, whose strata are unions of sets of the 
form M^{y' ,a')ri Ua- Let a' be a proper face of a, then we know by induction that all M^{y, a')r\ 
Ua intersect S2eT^X\(j^^^^'^ transversally inp~^(|c7'|). As above, this implies that M^{y,a') n Ua 
intersects S2£T'^X\cq„\^ transversally in p~-'^(|ct|). 

By Remark 1.24| , the intersection of M^{y, a) n Ua with S2eT'^X\Q(^\„\^ is transversal in a neigh- 
bourhood oip~^{d\a\). There clearly is a diffeomorphism Fa as above such that Fa{S2eT'^ X\c^{\cr\)) 
intersects all M^{y',cr) transversally, if we allow Fa to mix the fibres of p. However, because p 
restricts to a submersion S2eT'^X\c^[\cr\) \(^\, we can always take Fa such that it preserves the 
fibres of p. After the gluing construction described above, M^{x,a) now intersects all M^{y,a) 
transversally in a neighbourhood of Ua- Moreover, the glueing construction is equivalent to a small 
vertical modification of W over a, and "just below" h~^{ha — 2e^). Since transversality is preserved 
by the flow of W, these intersections are everywhere transversal. This finishes the last step of both 
inductions. □ 

For each k, each /c-simplex a £ Sk and each a € -P(<t), let 



(1.30) Ma{a) = M^{x,a) 

denote the closure of the W^-unstable manifold of the critical point x G Cq((To) over \a\. Then Mq,((t) 
is a submanifold of M with conical singularities whose interior is homeomorphic to a k + indo,- 
dimensional disc. The following proposition shows that the Ma{(j) form a CW-structure on M 
that behaves nicely with respect to the projection p:M^B and the simplicial complex S on B. 
We write M„((t) for the generators of the corresponding chain complex, and use d to denote its 
boundary operator. Let us for the moment assume that the bundle T^X ^ C is oriented, so that 
all cells Ma{(T) carry a natural orientation that agrees with the orientation of |(t| x T^X^q at ctq. 
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1.31. Proposition. For a, (3 £ P{<y), there exist an integer aa(j{(y), such that 

(1) Cbapicr) = unless j3 a and md^j +k = ind/3 +1, 

(2) dM^{a) = ^(-lFM„(ao...5...fc) + ^ ^(-l)^-(^-i)a„^K..,-) Mp{a^...k) 



(3) 



and = ^(-l)%a/3('7o...i...fc) + ^ ^^(-l)''^-' aa^{aQ,,,j) a^i3{(Tj...k) 



3 7 



Note that equation (1) makes sure that only cells of dimension fc + inda —1 enter the second sum 
in (2). The right hand side of (2) reads like the dual of a "simplicial" superconnection, consisting 
of the simplical boundary operator on B and a sum of products with simplicial cochains valued in 
the endomorphisms of a bundle p*((7 x Z) of free abelian groups. Then (3) simply says that this 
superconnection is flat. 



1.32. Remark. In |[I2]| , Definition 3.1.1, Igusa defines system of Ihgher homotopies to be systems 
of endomorphism e(fo, . . . ,Vk) G End(y) for n > vq > ■ ■ ■ > Vk > 0, satisfying a non-degeneracy 
axiom and axioms similar to Proposition |1.3l| (1) and (3), where (3) above is replaced by 



fc 

E 



{-ly (e(uo, ■■■,Vj) e{vj ,...,Vk) - e{vo, ...,Vj,..., Vk)) ■ 



In particular, if we fix a simplex a £ Sn and set 

fc(fc-i) 



Caivo, ■■■,Vk) 



-1 







if vo < • • • < Vk, and 
otherwise, 



we obtain a system of higher homotopies in the sense of Igusa. 

If T^X — > C is orientable, let G = {1} be the trivial group, otherwise take G = {±1}- Then 
the structure group of o{T^X) is G, and the structure group of p*o(r"X) — > i? is a subgroup 
of the group of G-monomial matrices, i.e., the group of invertible matrices having precisely one 
non-zero element in each row and each column, which is an element of G. Putting the e^- together 
for all simplices a £ S, we get a functor ^ from the category of simplices of S to Igusa's Whitehead 
space Wh{Z,G) (which is constructed as a simplicial category), and is G-monomial in the sense 
of Chapter 3.3 in [[12]] . 



Proof of Proposition 1.31 . Let a £ Sk, and let x be the critical point in Ga over the vertex ctq- 
Recall that by Proposition |1.27| , the strata of M^{x,a) are unions of sets M^{x' ,a'), with a' 
a face of a, and x' £ M^{x,a) H p~^{\a'\). We now have to identify the codimension-l-stratum 



of M^{x, a). It is a union of two types of unstable cells M^{x' , a'). The first type has a' = a, so 
assume that x' £ Gp lies over the vertex aj. Then the dimension of M^{x' ,a) = M^{x' ,aj,,,,^k) 
is ind^ +k — j. In particular, M'^{x',a) is of codimension 1 iff ind^ +j = ind^ +1 as in (1). This 
way we obtain all terms in the second sum in (2) for /3 a, and the very first term Ma((Ti^...^fc) 



in the first sum, cf. (1.29) 



The remaining contributions to the codimension-l-stratum arise as intersections of unstable cells 
withp~-'^(9 |(t|). The only such intersections of codimension 1 in M^(x, a) are of the form M^(x, a') 
with a' = ctq,... J,...,fc for 1 < j < k, accounting for the rest of the first sum in (2). Note that j = 
is impossible here, because for a transversal intersection, we had to assume that p{x) = ao £ \a'\ 



in the proof of Proposition 1.27 
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The preceding arguments show that the boundary of AIa{cr) as a chain is given by (2), with 
constants aa/3{o'o,,,j) as in (1), which might, however, still depend on a. To see that this is not the 
case, and to explain the sign factor (— 1)'^^-^"^^ we define aQ/3('7o...i) to be the coefficient of Mp{aj) in 
the (chain) boundary of Ma{(TQ,,,j). Suppose that we orient both Mq((t) and Mj3{aj,,,k) by placing 
an oriented base of crj.,.fc to the right of oriented bases of Ma((To...j) and Mp{aj), respectively. By 
the arguments after (1.28) in the proof of Proposition 1.27, the coefficient of Mp{aj^^^k) in dM^icr) is 



still aaf3{cro,,,j) with respect to these orientations. However, since we actually have to fit the oriented 
base of to the left of the bases of T'^''X\c^ and T'^Xjcg according to the conventions fixed at 



the beginning of this subsection and before Proposition |1.31| , these new orientations differ from the 
actual ones by factors of (— 1)^^"-?) and (— 1)('=~-') , respectively. By (1), ind^ — ind^ = 1 — j, 
so we get the sign factor (— l)('=~-')0~i) = (— i)'=(-J'-i) as claimed. 
Finally, because = 0, 

= d^M^ia) 

= Y,i-iydM^{ao..3...k) 



'j...k) 



j /3 



j;^(-l)^-(-l)('=-i)(^-i)a„^(ao....)M^(a. 

i<j f3 

i>j p 

+ 5^^(-l)'(^-'^(-l)('-^)(^-^-')a„^(ao...,>^^(cT,...i)M^(cT,...fc) 

i>j 0,1 

EE(-1)^'^-^^'(E(-1)^«"M-o...1...) 



which implies (3). □ 

l.d. Simplicial complexes and good coverings. In the previous subsections, we constructed 
a CW complex on M over a simplicial complex S on B and gave an adapted basis Ma{cr) for the 
associated chain complex. Each chain Maicr) lived over a simplex a S oi B. For the following 
constructions however, we need families of cells and chains over subsets of B, such that we can 
integrate over the fibres of these cells and chains locally on B. We therefore modify the constructions 
of the previous subsections. We will need a sufficiently fine simplicial complex, in the following 
sense. 

1.33. Remark. Let tti, Tr2: B x B ^ B denote the two product projections, and let e > be defined 



as in Proposition I.IC. Then there exists a neighbourhood Uab of the diagonal AB in B x B 
and a diffeomorphism F: (vr|M)|(7^g {'^i^)\uab of fibre-bundles extending id^f : ('/r|M)|AB — > 
(7r*M)|AB, such that 

2 

(1) |/io-Fqi,q2 - h\ < ^ for all iqi,q2) G Uab, and 
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(2) ^</i,g2(expf = e^PPg^ _^^c(Fg,,g2,*c^;^ -^91,92, *c2;") for (^1,^2) as above, c G ^"^(^2) 

and z^'" G T^^'^X. 

We may choose the smooth ordered simpHcial complex S so fine that 
(1.34) |fT| X \a\ C Uab for ah a £ S. 

For a £ S, let a denote the interior of |fT| as a submanifold of M, and set 



(1.35) 



U{a) 



u 



a 



a'es 

(T is a face of cr' 



for each a £ S. We assume that S is so fine that the closure U{a) is contractible for all a £ S. In 
particular, 

(1.36) UiS) = { U{a) I cj G 5o } 

is a good open cover of B. Let us define 

B{a) = U{a) X \a\ and ^ = |J B{(j) C B x B , 



(1.37) 



then B{a) is a manifold with corners for all cr. Note that by |(1.34)| 



S = IJ X |ct| C C/ab . 

creS 



U{S)=UiSo) 



S on B 



B 



Figure 1.38, A one-dimensional simplical complex S, the cover U{S), and B. 
Consider the bundle M = {itIM)\-^ B with its fibre-wise Morse function h = nlh. Then 
(1.39) -Mia) = i7rtM)\B(a) ^ W) 



is a bundle with fibre \a\ x X. For each a, each a G P{(y), and each gi G U{a), we define a 
submanifold 



(1.40) 



={ Fq^^q^x I X G Ma{a), and 92 = p(a:;) } C M{a)\q^ 



with conical singularities. We still assume that the bundle T'^X\c is oriented. 
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1.41. Proposition. The submanifolds M a{a)\q-^ C M{a)\q-^ with conical singularities form a bun- 
dle M„(cr) U{a), such that 

(1) for each a & Sh, the restrictions of the M^^a') to U (cr) for all a and all faces a' of a form 
a family of fibre-wise CW-complexes on M(cj) — > U{a); 

(2) let 00/3(0") be the coefRcients of Proposition \1.31[ then the boundary of M aicr) as a fibre-wise 
chain is given by 

(3) we have 

MM n{{q,,q2,x)eM\ h{x) > - } = «^V2 e^"^) Ib(<x) ■ 



Proof. From the construction (1.40) , it follows that Mq,(cj) U{a) is a bundle with fibre dif- 
feomorphic to the Ma{cr) of Proposition 1.31 . Also, the Ma{ai^,,,i.)\-jjj^ form a fibre-wise CW- 

complex on M{a) — > U{a) with fibre diffeomorphic to the CW-complex on p~^(|(t|) formed by 
the Ma{(yio...i ) for all a and all < < • • • < < A;, so we get (1). Moreover, from Propo- 
sition |1.31| ( 2), we get (2). Finally, (3) follows from Proposition |1.21 by the specifications in 
Remark]L3| and |(1.40)| . □ 

We want to state a dual version of Proposition 1.31 and Proposition 1.41. Let F ^ M be a 
flat vector bundle. We no longer assume that the bundle T^X ^ C is oriented, and set = 
oiT'^X) (g) -F|c„ — > B over any simplex \a\. We define V ^ B as m Definition Q so F = 0„ K.- 

Let T = {'kIF)\-^ ^ M be the flat bundle over M induced by F, and let F(o-) = We 
have natural pull-back maps 



<(a): ^*{p-\U{a))-F) n*{M{a);F) 



and we define integration maps by integrating over the fibres of Mo,{cr)/U{a), 
(1.42) 



_ o7r*(a): n*{p-\U{a)y,F) ^ J]*(C/(a);K) 

and /(c7) = 0/,(a): {p-\Ui^); F) n*{Ui^;V). 



1.43. Corollary. For all k and all a Sk, there exist -parallel endomorphisms a{a) S 



r(End"'^ ^ y\ u(^\ ) such that we have 



(1) 



W oI(a) 



(2) 



and 



4)'=/(a)oV^ + ^(-l)^/(ao 



.j...kJ\U{<T) 



= E(-i 



0...j...knu(a) 
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Suppose that v G ^f3\ u{a) > ^^^^ 
(3) 



Suppose that uj G W{U{a)]F) has support in h ^{ha — e^,oo) C M\u^, then 



(4) 







U! if a £ Sq, and 
otherwise. 



Note that (4) implies in particular that if supp w C h ^(/iq— e^, oo) and (3 ot, then w = 0. 

1.44. Remark. For each simplex u G S, the endomorphisms a(cT') for all faces a' of a give rise to 
a system of higher homotopies in the sense of Igusa, just as in Remark |1.32 . Suppose that R 
is an associative ring with unit, with a fixed complex representation /?:End(C'') for some r > 1, 
and that G is a subgroup of GLs(i?) for some s > 1, such that the flat bundle F has structure 
group p{G) C GLrs(C) (if T^X — > C is not orientable, we assume that —1 G G). Then the 
coefficients aQ^(o"): Vg — > of a(o") naturally take values in the matrices Ms{R) over i?, and the 
structure group of is a subgroup of the group of G-monomial matrices (matrices having exactly 
one non-zero entree in each row or column, which is an element of G). Then the above form a 
G-monomial functor from the category of simplices of S to the Whitehead space Wh{R, G). 



Proof of Corollary 1.43 . Consider the families of cochain-complexes associated to the bundles of 
fibre-wise CW-complex on M{a) U{a) constructed in Proposition 1.41, with values in F. Since 
we now have to take the possible orientations of T^X into account, each cell M^icr') contributes a 
copy Va{cr') of Valj/j^ f^('^) to the family of complexes over U{a), where a' is a face of a. For 



any fibre-wise cochain s, let s„((t') denote the component of s in Voi{cr'). By Proposition 1.31 and 



Proposition 1.41, the coboundary map of this complex takes the form 



(1.45) (^s)„(a')= J](-iys„(a^..3...,) + ^j;(-l)'=(^-i)a„^(a^...,.)s/3(a;.,.,) 

j i P 

if a' G 5fc is a face of o" G 5, where the CLapi^o-Q ■): Vp ^ Va are parallel homomorphisms satisfying 



Proposition |1.31| (1) and (3). 
Let us define 



iia') = ^a^pia'): V\ 



v\ 



a, [3 



then (1) follows from (1.45)| and Stokes' theorem, while (2) and (3) follow from Proposition 1.31| (1) 
and (3). 

If suppw C h~^{ha — e^, oo), then by Proposition 1.41| (3) and (1.42) , 



/„((T), w 



and Trl(a)uj vanishes in the directions of |cj|, so this integral vanishes unless a G Sq. □ 
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I.e. A "mixed" superconnection. Starting from tiie endomorphisms a(a) of the previous 
subsection, we construct a family of compatible flat superconnections + a'((T, 0) on V\\„\, 
where a' {a, 9) G Q*{\a\ ,End+y) is an EndF-valued differential form of total degree 1. We also 
construct a family of compatible "integration maps" I'(cr, 0): i7*(M; ^}*(\a\ ;V) of total de- 

gree zero that satisfy I'{a,$) o = (V^ + a'(cr, 0)) o I'[a,$). Using a partition of unity, we 
pull + a'(0) and /'(0) back to a flat superconnection A' onV ^ B oi total degree one and an 
integration map /: 17* (M; F) n*{B; V) satisfying I oV^ = A' o I. 
If a' = (Ti„..,i^. is a face oi a £ Sk, set 



(1.46) |ct\(t'| 



SO I fj \ o"' I is the simplex spanned by all vertices of a that are "higher than or equal to" all vertices 
of a' . For convenience, we introduce the empty simplex of formal dimension —1, which we regard 
as a face = (T0 of all a £ S, so that we may write \a\ = |fT \ 0|. 



Let a(a) G r(End"'^ ^\t/{^) parallel endomorphisms constructed in Corollary 1.43. 

1.47. Proposition. For each < k < I + 1 and each (possibly empty) face a' G S^-i of a G Si, 
there exist an EndF-vaiued differential form a' (a, a') on \a\a'\ of total degree 1 — k, such that 

(1) if a is a face of t, then 

0''{T,cr')\\a\<7'\ = a {a, a') ; 

(2) the form a' (a, a) on \ai\ vanishes; 

(3) if a £ Si, then 

a'(f7,cro,...,i-i)||^,l = a(cr)||^,| ; 

(4) we have = (V^ + a' {a, 0)) ^ and for a' G Sk with k>l, 

fc-1 

= (-1)'= [V^, a' {a, a')] + ^^(-ly a' {a, a^,... + (-1)'= a{a') 

j=o 

fc-1 

+ 5^(-l)'=(^-i) a{a, ao...j) a{a, aj,...,k-i) + a' {a, a') a' {a, 0) ; 

i=o 

(5) the component a'^p{a,a') in il*(|o" \ a'\ ;Hom(y^,y")) vanishes unless j3 a. 

1.48. Remark. If a' (a, a') was a function. Proposition |1.47| (1) would mean that a' {a, a') is the 
restriction to |fT\(7'| of a piece-wise smooth function a' {a') on the union of all |(t\(t'| for all a 
having a' as a face. Note however that this union is not a differentiable manifold (not even a 
manifold with corners). Moreover, we are dealing with differential forms. Suppose that o" is a 
codimension-l-face of two simplices r and of r'. Then in local coordinates, those coefficients 
of a'(r, fj') and a'{T' ,a') that contain the direction normal to |(t| may jump at \a\, so that a' {cr') 
would not even be well-defined along |cj|. We will nevertheless write a' {a') instead of a' {a, a') as 
long as no confusion about a arises. 

If we introduce the notation 

0(0-0,. .. ,fc-i,. )= a'(o-o,...,fc-i) and a{a.)=a'{9) 

then (4) above without the term involving looks precisely as Corollary 1.43| (2), where the 
index "/c" has been replaced by " • " . The placement of " • " to the right of A; — 1 in the index 
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above is compatible with the fact that we may only evaluate a'(i7o,...,fc-i) on the set of points 
"behind" in a. In fact, these two analogies with the coefficients a{a) of Corollary [1.43 were 

the motivation for our construction of a' {a'). 

While we could regard the a{a) of Corollary |l.43| as coefficients of a purely combinatorial super- 



connection, (or as a "system of higher homotopies" as in. [12], chapter 3), we now have a mixed 
superconnection which is partly combinatorial and partly differential. Although the forms a'{(j') 
do not pull back from endomorphisms defined on we can pull them back to B using a sec- 
tion oi TTi.B B constructed from a partition of unity, to obtain a differential superconnection 
onV ^ B. 



Proof of Proposition 1.47[ We define the forms a'{a,a') on \a \ a'\ for a G Si hy induction over /. 



For all a £ Sq, the endomorphisms a' {a, a) = and a'(o", 0) = a(o") are determined by (2) and (3), 
and (4) holds on a by Corollary |1.43| (2). 



Now fix cr E 5; for and suppose that all a(T, a') have been constructed on all faces r of a, 
such that (l)-(5) are satisfied. If a' = <Jif,^...^i^_^ £ Sk-i is a face of a with ik-i > k — 1, then 
the simplex r = cri(j^,.,^ij._^^ij._j_|_i^...^; is a proper face of a, and \a \ a'\ = \t \ a'\. In particular, the 
form a' {a, a') = a'{T,a') is already determined by (1) and induction, and (4) holds for a' [a, a'). 

Now fix a' = (yQ^...^k-i foi' 1 < A; < / + 1, then the restriction of a' {a, a') to each of the 
sets \(Jk-i,...2,---A with j > A: is already determined by the induction hypothesis applied to r = 
o"o,...,j,...,« and a' . To summarise, the restriction of a' (a, a') to the set 

(1.49) d\ak-i,...,i\\cTk,...,i 

is already defined. Similarly, the restriction of a'(cj, 0) to d\a\ is already known. 

We will construct a' [a, a') by induction on / — fc. First, we have a' {a, a) = by (2), and by (3), 
(4) reduces to the trivial equation 

«'(o",cro,...,z-i) - a(cr) = «(o") - a.{a) = . 



Moreover, (5) follows from Corollary 1.43 (3). 

Now fix a' = o"o,...,fc-i for 1 < < Z, and suppose that a'((T, cJo...fc) has already been constructed 
on |crfc...;| C \(Jk-i,...,i\ = |o"\cj'|. Writing a'(-) instead of a' (a, • ) as in Remark |1.48 , we define 



a"(cT') G5^*(|cTfc.., I ;Endy) 

by rewriting (4) as 

fc-i 

(1.50) (-1)'=+^ a" {a') = Y.{-iy a'{a^„r,...k) + (-1)'+' a{a^...k) 

3=0 

k 

+ a{a,...,)a\a,...k) 

+ (v^ + a(cTo)) a'(ao...fc) + a'(ao...fe) (V^ + a' 

Then a" [a') clearly satisfies (5). For j > k, the induction hypothesis applied to the face (To..J..j 
shows that a' {a') satisfies the same equation on |(Tfc..j..j|, thus a" (a') coincides with a' (a') on 



(1-51) d\ak...i\\crk+ 
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d\(Th-i i\\crk,...,i 



Wk ll d\(Jk...l\\('k + l....,l Wk+l,...,l\ 





<^k-l 



<^k-l 



Figure |l.52| . The domains of definition of a' {a') and a" {a'). 



see Figure |1.52 . 

Because the analogue of |(1-50)| holds for a'((To...fc) on \(Tk-\-i^.,.,i\, and because the superconnec- 
tions + a(o"o) and + a'(0) are flat, we can rewrite (1.50) for a" {a') as 

k-l k 

j=o j=i 

(k 

Y,{-iy a'K. + (-1)' a{ao...k+i) 
3=0 

k+1 \ 

j=i / 
+ (-1)' fe(-l)' + (-1)' a{ao...k+i) 

\j=0 

k + l \ 

+ ^(^_1)Hj-i) a{ao...j)a'{a,...k+i)] K + a'(0)) . 

We now apply (4) inductively as well as Corollary 1.43| (2) to the last two terms on the right hand 
side, and find 

(-l)^+V(io...ifc-i, •) 

fc-l k 



\j'=o 



fc+i 



- (-l)''a'K..i...J'...fc+i) + (-l)''+'aK..i...fc+i) 

j'=i 

k + l \ 

j'=j+i / 
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- a(cJo) a'((Ti...fc+i) + a(cTo...fc+i) a {%) 

k+l k+l 

- j;(-l)^'aK.J....fe+i) - j;(-l)('=+i)(^'-i)aK..,Oa(^,'...fc+i) 

i'=o j'=i 

j=i \j'=o 

+ ^(-ir(^'-i)a(ao...,0«(^^,'...,)) 
j'=i / 

fc+l /k+l 

i'=i / 
= (-l)'=+ia'(ao...fc-i) = (-l)'=+^a'(a'). 

Note that all terms in the intermediate step except (— 1)'^+-'^ a'(o"o.,.fc-i) cancel by their signs. In 
particular, we can now extend a' {a') to d |o"o^...^fc_i| by a" {a'). We choose an arbitrary smooth con- 
tinuation a' (cr, cr') of a'(cr') l^icro to |cro,,.,,fc-i| that is of total degree 1 — k, cf. [12], Lemma 2.2.3. 
By Remark |1.16| (2), the relation refines on the corresponding relations for the faces of cr, so we 
can choose a' {a, a') such that (5) still holds. 
In the last step, we define a"(0) on |cj| by 

(1.53) + a"(0) = (id +a'(ao)) (v^ + a(cTo)) (id +a'{a^)) . 

As above, we automatically get a"(0) = a'(0) on d\a\ \ (Ti..,;, and a similar calculation as above 
shows o"(0) = o'(0) on the whole boundary of |cr|, so a'(0) naturally extends to \a\. Moreover, 
since a(c7o) is a parallel endomorphism with a(cro)^ = 0, the superconnection + a{ao) on \a\ is 
flat, and thus the superconnection + a'(0) on |cj| is also flat, which means that (4) is satisfied 
also for a'(c7,0). □ 

Given the coefficients a' {a, a') of a "mixed" superconnection, we now have to construct the 
coefficients I' {a, a') of a "mixed" chain homomorphism in such a way that the analogue of Corol- 
lary 1.43| (1) holds. Let /(cr) be the integration maps of Corollary 1.43| . 

1.54. Proposition. For each < /c < / + 1 and each (possibly empty) face a' G Sk-i of a £ Si, 
there exists a map 

I' {a, a'): VL*{M;F) — > ^*{\a\a'\]V) 

of total degree —k, such that 

(1) if a is a face of r, then 

I'{a,a')uj= {l'{T,a')uj)\\„\„,\ for all uj £ Q* {M ; F) ; 

(2) the map I' {a, a) vanishes; 

(3) if a £ Si, then 

{I'ia,ao,...,i-i)io)\l^,l = {I{a)u;)\i^,i for all co £ Q* {M; F); 
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(4) we have I' {a, 0) o = o I' {a, 0), and for a' G Sk with k>l, 



k-l 

j=o 

k-l 

+ ^(_l)fcO-i)a(ao,...,,)/'(a,fT,-,.„fc_i) + a'(a,ao,...,fc-i)/'(a,0) ; 

i=o 

(5) for each face a" E Sj of a and a, (3 £ -P(c), there exist differential forms 
with ba(3icr,a' ,a") = unless (3 a or [3 = a, such that 

(3 a" 

for the component I'a{cr, a') of I{a, a') with values in Q,* [B{a, a'); Va) ; 

(6) if uj £ Q*{M,F) has supp(ti;) C h~^{ha — e^,oo), then on any \a \ a'\, we have 



Lo if a' = 0, and 
otherwise. 



Note that the analogue of Remark 1.48 appHes to the maps I' {a, a') as weU: We may re- 
gard I' {a, a') as a restriction of a map from 0,* {M\u(^^>y, F) to the ^-valued forms on the 
union of ah B{a,a'). Moreover, if we introduce the notation /(ctq k_i ■ ) ~ ^'{'^') ^ Sk-i, 



then (4) above is related to Corollary 1.43 (1) just as Proposition 1.47 (4) is related to Corol- 
lary |L43| (2). Finally, properties (5) and (6) will be crucial when we prove Theorem p. 1| in Section]^. 

Proof. We basically repeat the proof of Proposition |1.47| . For all o" G ^o, we set I' {a, a) = 
and l'(a,0) = I (a). By Corollary [Ost this agrees with (2)-(6) above. 

Fix a £ Si and assume that all I'{t, a') have already been defined for all faces r of o" and a' of r. 
Then by the same argument as in the previous proof, for any face a' = (Jio,...^i^_^ of a with ik-i > 
k — 1, the map I'{a, a') is already inductively defined by (1), and (4)-(6) hold for I'{a, a') on\a\a'\. 
Note also that I' {a, a) = by (2), which is compatible with (3)-(6). 

Now fix a' = iTo,...,j!c-i for < A; < / and assume that /'(o", fTo,.,.,fc) has already been defined. 
Then /' (fj, cj' ) is already known on 9 |(Tfc_i..j| \(Tfc..j, cf. (1.49)| . Writing /'(•) shorthand for /'(o", •), 
we define I"{a'):n*{M;F) n*{\ak...i\ iV) by 



fc-i 



(1.55) (-l)'=+i I" {a') = ^{-ly l'{ao..3...k) + (-1)'^' /K, 
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cf. KTsol - 

Note that since (5) holds for /'(o"o...fc) by the construction in the previous step, we have 



(1.56) I>o...k) + lU^o...k) 



a" is a face of a 



By Corollary |L4|, |(1.55)| and |(1.56) , we see that satisfies (5), where the degrees of the 

coefficient forms can be calculated using the fact that I" {(t') is of total degree —k. 

As in the proof of Proposition |1.47| , I' {a') and I"{cr') coincide on d\ak...i\ \ ak+i...i, cf. (1.51). 
In order to check that I'{cr') = on |ct/c_|_i..j|, we proceed by computations similar to those in 



the previous proof. In fact, comparing [(1.50) with its analogue (1.55), we find that we can re- use 
the computations in the previous proof after making the following changes. 

(1) First, replace each occurrence of + a'(0) on the right hand side of a summand by V''^. 

(2) Then replace the rightmost occurrence of a'( • ) or a( • ) by /'( • ) or /( • ), respectively. 

Then all calculations remain valid and show that we can use /"(c') to extend I'{cr') to d\crk-i...i\- 
We now choose smooth continuations of the coefficients bapi(T,cr' ,a") in (5) to d\ak-i...i\, thus 
extending I' {a') to |ct \ (t'|. 

In order to determine /'(0), we may rewrite (4) as 



(1.57) 



/"(0) = (id +a'{a^))-' ((V^ + a(ao)) o /'(^o) + I' [a^) o + I{a^] 



As before, we can show that /"(0) = /'(0) on d\a\, so we can set /'(0) = /"(0) on |cr|. By the 
argument following (1.56)| , property (5) then also holds for /'(0). Moreover, using Corollary 1.43, 
1.53) and (4), we finally find that 



/'(0) o = (id+a'(ao))-^ ((V^ + a(cTo)) o /'(^o) + /(^tq)) o 
= (id+a'(ao))-MV^ + a(ao)) 

((id +a'(ao)) I'm - I{ao) - (V^ + a{ao)) I' {a,) + I{ao)) 
= (V^ + a'(0))/'(0) . 



We have now proved Proposition 1.54| (l)-(5). Claim (6) follows from (5) by Corollary 1.43| (4), 
where we use that for a' S Sk-i and a" G Sj, ^^^(c, o"', a") = unless j > k. □ 



l.f. A smoothing construction. We note that by Proposition 1.47 (4) and Proposition [1.54 (4), 
we obtain a superconnection + a'(cj, 0) on Q*(|a"|;y) and a cochain-map from ^*{M;F) 



to ri*(|<7| ;V). By Remark 1.48 , these objects do not patch together to yield a smooth flat su- 
perconnection and a smooth cochain-map over all of B. There are several possible ways out. 

For example, one can define an algebra of "S'-piece-wise smooth" differential forms, given as 
families a = {aa-)aes with G r2*(|(T|), such that whenever r is a face of a. This 

means that near a simplex a G S, the components of a tangential to \a\ are continuous, while the 
remaining components are only bounded with all their derivatives. One can show that it is possible 
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to do analysis in such a setup. E.g., the equation (V^ + a'(- ,0))^ = is still meaningful. It is 
possible to define an S-piece-wise smooth torsion form on B. 

We will instead give a smoothing construction that leads to a smooth superconnection A' on V. 
Choose a partition of unity {ipc-.M [0,1] |o" G 5*0 } subordinate to the open covering U{S) of 
i.e., with supp((/?cr) C Ua for all a G 5*0. If a G Sk, then all these functions vanish on \a\ 
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except (/^CTo) • • • ) V<Tfc) and of course ipag + • • • + (fak = 1 on |c7|. If we interpret tpaa, 
barycentric coordinates on A^, we obtain a smooth map ip: B ^ B hy setting 

(1.58) ^{b) = a{Lp^„{b),ip„^{b),...) £\a\ for 6 G a. 

Note that (p maps a small neighbourhood 

^'(^) = {b £ B \ b ^ supp((/9cr') unless a' is a vertex of cr } 

of each simplex a £ S to \a\. 



as 



S on B 




graph f 



I 



B 



Figure 1.59. A partition of unity and the corresponding section of irl. 

1.60. Definition. Define a superconnection A' = + a' on V ^ B with a' G {B ,End*^ V), 
and a map /: 0,*{M; F) ^}*{B; V), such that restricted to \a\, 

A' = V^+(^*a'(a,0) , 
and /= 'f*b{a,i/},a") ■ I{a") , 

cr" is a face of cr 

where the coefficients b{a,i/},a") are given in Proposition 1.54| (5). 

Let denote the endomorphism of V ^ B induced by h\c, then we will call {V,A',h^) a 
family Thom-Smale complex for p: M ^ B and F ^ M. The complexes Q*{M; F) and Q*{B; V) 
are filtered by F*Q*{M; F) and F*Q*{B; V) according to the horizontal degree, see Definition |1.4 
Recall that (E^'* (M; F),dk) and (E^'* {B;V),dk) denote the accociated spectral sequences, and 
that Et'*{M; F) is the Leray spectral sequence in de Rham theory with coefficients in ^ M. 

1.61. Theorem. The superconnection A' = + a' is flat and of total degree one, and I is a 
cochain map of total degree zero. The endomorphism a' decomposes locally over \a\ into compo- 
nents a'^p G r2*(-B, IIom(Va, Vq,)) with 



(1) 



unless /5 ol. 



Locally on \a\, the map I is an ^1* {B; Find V) -linear combination of the maps Ia{cr') of ( 1.42) 
with a' a face of a. If uj £ 0*(M;F) has support in h~^{ha — e^,oo) locally on U{a) C B, then 
the component laoo of I uj in Q*{U{(t); V^) is given by 



(2) 



UJ 



02.T"X|c„(.)/(7(<t) 



£n*{u{ay,v^) . 
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The map I commutes with the action of il.*{B), maps F^Q* (M; F) to F^^l* {B;V) for all inte- 
gers p > 0, and induces cochain homomorphisms 



(3) 



4"" 



{El^*{M-F),dk] 



[El'*{B;V),d,) 



for k, p, q > that are isomorphisms for k > 1. In particular, I: (17* (M; F),V^) {Q*{B; V), A') 
is a quasi-isomorphism. 

Proof. We know that near a simplex a £ S, the components of a'(-,0) and /'(•,0) that are 
tangential to |cr| are continuous, together with all their higher derivatives in tangential directions. 
On the other hand, since (p is smooth and maps an open neighbourhood of |cj| to \a\, pulling back 
by kills all components and all higher derivatives of a' ( • , 0) and /' ( • , 0) that are not purely 
tangential to \a\. This implies that A' and / are smooth. 

It is immediate from Proposition 1.47 that A' is a flat superconnection of total degree 1, and 
that (1) holds. 

Furthermore, (1.57) and Definition |1.60| imply that for all a, there exists a map 



is a face of cr 



(p*b{a, ao,a")I{a") 



such that 
(1.62) 



and 



/ = (id +if*a'{ao)) ((V^ + a{ao)) o /; + /; o + /(^o)) , 
/ o V-^ = (V^ + ra'(0)) oI = A'oI. 



From the construction and Proposition 1.54] (5) and (6), we conclude that I\\cr\ is indeed an 
r2*(S; End y)-linear combination of the maps la(cj') of 1(1.42)1 , and that (2) holds. Since the 
maps Ia{cr') are defined by integration over the fibres of certain smooth families of submanifolds 
with conical singularities, these maps clearly commute with Q*{B), and so does /. 

As an $7* (i?)-homomorphism, I maps F^r2*(M; F) to FpQ*{B; V) for all p, so it induces cochain 
homomorphisms of spectral sequences as claimed. It suffices to show that I^'* is an isomorphism, 
then all I^'* with k > 1 are also isomorphisms, and I is thus a quasi-isomorphism. By (1.62), for 
each a £ Sk, we have a diagramme of cochain maps 

{n*iM; F), V^) -^-^ {n*{\a\ ; V),A') 




id -\-ip* a (a,ao) 



n*{\a\;V)y + a{a,ao)) 



that commutes up to the cochain homotopy I^. Note that by classical Morse-theory, the diagonal 
arrow induces an isomorphism from H*{X;F) to H*(y,a{cro)) for each fibre X over |<j|. 
Passing to E^''^ , the map 

(V^+ra(a,))/; + /;V^: n*{M;F) n*{\a\;V) 

induces 0, because in the grading induced by the filtrations in Definition |1.4| , it splits into a fibre- wise 
homotopy and a part that increases the horizontal degree. In particular, the diagramme 



np{B;Hi{M/B;F)) 



np{\a\;Hi{V,a'o)) 



J7P(|a|;/75(y,a(a,ao)[oi)) 
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It is clear from the proof of Proposition 1.47 that 



;End^-^-'=y) 



commutes, where Oq and a{a, cto)^'^' denote the components of horizontal degree 0. It follows that If '"^ 
is an isomorphism for all p, q, which finishes the proof of Theorem 1.61. □ 

1.63. Remark. As we will see in Section ^, the Witten deformation will give another proof of the 
fact that /*'* is a quasi-isomorphism. 

1.64. Remark. Let a' £ Sk be a face of a £ Si. 
we can always choose 

l-k-l 

a'{a,a') G n^{\a\a'\ 

3=0 

However, this means that A' may have components of horizontal degree up to dimX + 1. If we 
assume that the dimension of the fibres is higher than the dimension of the base — which we are 
forced to assume when we apply the main theorem of II in order to construct h — then A' can 
have components in any possible horizontal degree. 

The construction so far has involved many choices. We had to pick a diffeomorphism F of the 
bundles vr^M and M over a neighbourhood U of AB in B x B, a sufficiently fine smooth ordered 
simplical complex S on B, a continuous vector field W that over each simpex of S is smooth and 
satisfies the Smale transversality condition, and finally, we had to choose smooth continuations of 
the coefficients of a'(o"') and I' {(t') from the boundary of certain simplices to their interiors. Still, 
the superconnections A' and integration maps / of Definition 1.60 coming from different choices 
are not completely unrelated. 

By Theorem 1.61, any two pairs of complexes and integration maps 

h: {n*iM;F),V^) {Q* (B^V^, A',) 

for i = 0, 1 are related by a quasi-isomorphism. One possible right inverse for li is the inverse 
of the restriction of li to the space of very small eigenvalues under the Witten deformation, cf. 
Section 4^. However, we can make the relation of Iq, A'q and /i, A'^ much more concrete. 



1.65. Proposition. Assume that Aq and A!^ are two superconnections and Iq, Ii are integration 
maps for these superconnections, all constructed using the methods of this chapter. Then the same 
methods allow us to construct a superconnection A on the pull-back V x [0, 1] ofVtoBx [0, 1], 
together with an integration map 7: n*{M x [0, 1]; F x [0, 1]) ^n*{B x [0, 1];V x [0,1]), such that 
Theorem 1.61 holds for A and I, and A \bx{s} = A'^ and I\bx{s} = Is for s = 0, 1. 

Proof. One has to check that all choices made so far on i? x {0, 1} can be extended to the interior 
of i? = -B X [0, 1], still satisfying all required properties. For the diffeomorphism F of Remark 1.33, 
this is clear because it is just a perturbation of id7r*M|AB- Suppose that F extends F on a 
neighbourhood U^-^ of the diagonal in B x B, then we can construct a smooth ordered simplicial 
complex S as fine as (1.34) that restricts to the given complexes on B x {0} and B x {!}. 

In the next step, we extend the vertical gradient field — V^^/i and the cut-off function cpM 
over B x {0, 1} that were used in (1.20) smoothly to i? x [0, 1], thus defining a preliminary vector 
field on M X [0,1]. Now the constructions of Proposition 1.27 , Proposition 1.47 , and Proposi- 
tion 1.54| are all by induction over the degree of simplices, so we can keep every choice we made 
over B x {0, 1}. For Definition |1.6C , it suffices to find a partition of unity on B that restricts to 
the given partitions on i? x {0} and B x {1}. This finishes the proof of our proposition. □ 

We will need this proposition in G_], to show that a certain "classifying" map from B to the 
Whitehead space is well-defined up to homotopy. Proposition 1.65| can also be used to compare the 
torsion forms T{A'g,g^ ,h^) of Section § for s = 0, 1 coming from superconnections A'^ related as 
above. Of course, a formula relating T{Aq, , h^) and T{A[, , h^) will ultimately follow from 



Theorem d.l 
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Torsion forms for family Thom-Smale complexes 



Inspired by the previous section, we define the notion of a family Thom-Smale complex and 
construct torsion forms for it. These torsion forms generalise the torsion forms for families of 
finite-dimensional complexes of [BL] , Section 21. 



Before we recall the definitions of odd Chern classes and transgression forms for fiat supercon 
nections from 



BL 



in Sections |2.b| , and 2.c, we introduce some sign conventions in Section 2. a. 
In Section p.d| , we define family Thom-Smale complexes {V,A',h^) in Definition 2.35| . Their tor- 
sion forms T{A' , hX) are constructed in Definition 2.46| using a finite-dimensional version of the 
Witten deformation. Theorem |2.48 states the most important properties of T{A' ^hX), which 
are similar to those of T[A' ,g^) in [BL| . We show that these forms are rigid under deformation of 
the underlying flat superconnection in Section |2^, cf. |[BG1| . In Section 2.1, we use T{A' , , h^) 
to deflne the higher torsion classes T{M/B;F,h) when F and the fibrewise cohomology H carry 
parallel metrics, see Definition 2.64| . 



In Section 2^, we collect some facts about generalised metrics (cf. |[BG1] ) that will be needed in 
Section ^. We recall the construction of analytic torsion forms from [[BL] and the Chern normal- 
isation of the odd classes and torsion forms from IIBGlll in Sections 12. hi and |2l|. We also define a 



higher analytic torsion class T(M/B; F) if F and H are unitarily flat in Deflnition 2.85 
Notes on Sign Conventions 



2.a. 

superconnections and their adjoints. 



We recall the sign conventions of [BL] and [BGl] regarding 
In particular, we hope to disarm a few well-concealed traps 



here and in Section 2.g 



For most of this paper, we strictly follow the Koszul sign convention, by which swapping to 
terms of degrees p and q modulo 2 introduces a sign factor of (—1)^''. However, there are a few 
exceptions in connection with metrics and their generalisations. This is best motivated by the fact 
that a Hermitian sesquilinear form in the Z2-graded sense would have to be Hermitian on the even 
part and skew-Hermitian on the odd degree part of a vector space, whereas for analytic reasons, 
we need positive deflnite symmetric forms both in even and in odd degree. 

Let V = © V~ — > M be Z2-graded complex vector bundle, and let V be its antidual. We 
deflne r2*(M; V) = r(A*M(gy) to be the space of sections of a graded tensor product. The natural 
C-sesquilinear pairing V* ®V ^ C extends to a pairing 



(2.1) 



0*(M;F*) (gn*{M;V) 
with (a § /) (/? § v) 



n*-{M) 

{a§f,(3§v) =(-1) 



deg/3 1 



a(3fiv) 



-1) 



comes from reversing the 
v-deg j3. particular, the 



for ah a, (3 e n*{M), / S r(y ) and v E T{V). The factor (-1 
one-form components of (3. Note the absence of a sign factor ( 
pairing ( • , • ) violates the sign convention. 

A metric g^ = g^^ ®g^ on V which respect the Z2-grading can be regarded as an even complex 
linear isomorphism g^ :V ^ V . Together with |(2.1)| , this induces a pairing 

(2.2) g^: {M,V) g) Q* {M;V) — > n*{M) 



> = (-!) 



"degj3j 



aP {v, w) 



with (a g) gi (/3 (g w) i — > {a '(§ v,P (g w 
The fact that g^ is Hermitian is equivalent to the relation 

^ ^ r deg(a/3) -| _ _ 

(2.3) {(3g)w,ag)v) = {-1)1 2 l{a0v,(30w), 

where the sign factor is once more equivalent to a reversal of the order of the one-form factors in 
each decomposable summand. 
As in |[BLJ and | 



BGIJI, we extend complex conjugation to 0,*{M;C) and 0,* {M;EndV). 
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2.4. Definition. Define a C-anti-linear operator on Q*{M;C) by 
(2.5) a* = (-1)1^— Ja . 



2.6. Remark. This operator has the following properties: 



/ =/ 

a* = —a 



for ah / G n°{B;C), 
for ah a G n^{B;C), 



and (a A /?) = /3 A a* . for all a, /3 G n*{B; C). 



r deg( ■ ) I 

Note that this operator differs from the operator (—1)1^ ^ \— encountered in (2.1)-(2.3) by a factor 
of (-l)des(-). 

We let E'* denote the classical (ungraded) adjoint of an endomorphism E G EndF with respect 
to , and we let V^'* denote the adjoint of a connection V^. 

2.7. Definition. The adjoint of a differential form a G r2*(-B; End F) is defined as 

The adjoint of a superconnection A = + a with a G r2*(M; End F) is given by 

A* = V^'* + a* . 

We can S or A self-adjoint (skew-adjoint) iS E* = E oi A* = A (E* = -E or A* = -A) 
respectively. 

2.8. Remark. The definition oi A* is independent of the splitting A = V^+a. For odd elements E G 



0*(M; End y)°^^ and for superconnections A on 1/, Definition 2/7 is compatible with the sign 
convention of |(2.2) in the sense that 



0={E*V,W) + i-lf''^ ^ (^^S v+degw) 

and d{v,w) = (A*^;,u;) + (-l)^"s-^(^"S''+'^^s"')(?;,A«;) 

for all v,we Q*{M;V). 

Symmetry of together with Definition imphes that (E*)* = E and (A*)* = A for all 
superconnections A and all E G r2*(M; End F). 

2.9. Remark. Sometimes it is useful to regard g^ as an element of r(Hom(y, V )). In this setting, 
the adjoint of a superconnection A is given as 



(2.10) 



A* = (g'^y A - g' , 



where A is the superconnection that is naturally induced on V by A, cf. BL , Sections 1(c), 1(d) 



Note that once more A is compatible with (2.1) in the sense that 

dif,v) = (A*f,v) + (_l)deg/+deg. (^^^^) 

for ah / G n*{M;V*) and all v G n*{M, V). 
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2.b. Odd characteristic classes for flat superconnections. We recall the construction of 
Kamber-Tondeur classes in de Rham theory, following BL and [BGl] (cf. [KT , |DuJ| ) . Let B be 
a smooth manifold, and let denote the number operator on 
We will fix for the rest of the paper a generating function 



(2.11) 



z e 



although in a few explicitly marked steps, we need a different choice of /. Then / is an odd 
holomorphic function, which is real, i.e., /(M) C M, and there exists c > such that 



(2.12) 



0((l + |Re; 



uniformly on | z G C | |Re(z)| < c} 



for all pairs of integers k, I >0. 

Now let A' be a flat superconnection on a Z2-graded vector bundle V ^ B. Fix a Hermitian 
metric on V, and let A" = {A')* be the adjoint superconnection in the sense of Definition 2.7 . 
Define a self-adjoint superconnection A and a skew-adjoint operator X by 



(2.13) A 
then clearly 



i {r + A') 



and 



X 



I {A" 



A'] 



n*{B;End V) 



because A' and A" are flat. 
2.14. Definition. Let f{A',g^] 



[A,X]=0 £ n*{B;EndV) 



G n*{B) be defined by 



l-N" 

/(^',5^) =(27ri)^ stry(/(X)) 



odd 



Because supertraces vanish on supercommutators, we have stry(X^'^) = ^ stry ([X, X^'^"^]) = 
for k > 1, so we have lost no information by specifying / to be an odd function. Since / and X 
are odd and stry vanishes on End' 
so f{A',g^) is an odd form. 
Because [A, X] = 0, we have 



V, only the part of /(X) in 0°^^(5; End^™ F) contributes 



d^stry(/(X)) = stry([A/(X)]) = 0, 

which means that f{A',g^) is closed. 

Finally, since / is odd and real, it follows that f{X) is skew-adjoint in the sense of Definition 2.7. 
Using also that stiv{f{X)) is odd, we find 



■1) 



strv{f{X)) 



strv(/(X)) =-strv(/(X) ) = 
by 1(2.5) , so the form f{A',g^) is real. 

2.15. Theorem ([ BL , Theorem 1.8). The form f{A',g^) is odd, closed and real. Its cohomology 
class does not depend on g^ . 

Let g^ and gX be two metrics on V . Then there exists a path (5^)se[o,i] of metrics connecting g^ 
and gY . Let A'^ denote the adjoint of A' with respect to gY , and define Ag and Xg as in (2.13). 
Let g^ be the metric on the pullback of 1^ to -B x [0, 1] that restricts to gY on B x {s}. We write A 
for the pull-back of A' io B x [0, 1]. Then we have 

/(:4',5^),,, = f{A',gY), + {2ni)-^ strv^igY)-' ^ /'(^.)) ds . 
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2.16. Definition. Let fiA',g^ ,g{ ) be defined by 



f{A',gX,9r) = {2 



TVf. 

m) ~ 2 



stry ( - igY)-'^f'{X,) ) ds G Q* (B) / d"" n* (B) . 



Then by a standard argument, Theorem |2.1E| immediately implies BL , Theorem 1.11. 

2.17. Corollary. The class f{A',g^,gY) € Q* {B) / d^ Q* {B) is independent of the path gY chosen 
in its definition. It is even and real, and satisfies 

d^f{A',gY,gr)=f{A',gr)-f{A',gY) • 



We recall the behaviour of f{A',g^) under smooth changes of A', following [BGl] , Chapter 2. 
Let (^s)sg[o,i] be a family of flat superconnections onV—^B, let {gY)se[o,i] be a family of metrics 
that respect the Z2-grading, and define As, Xs as in |(2.13)| . Define an odd holomorphic function k 



2z 



On B = B X [0,1], we calculate 
(2.18) 



(27ri)" 



stry 



As , k(^Xs 



dAs 
ds 



ds 



-(27rz) 2 stvviHX, 



dA^ 
ds 



ds 



d_ 

ds 



f{A's,gY)-^ivv{Xs)no)]ds 



This motivates the following definition. 
2.19. Definition. Set 



Lk[A's,gY) = {2 



strv {HXs) 



OAs 
ds 



ds en*{B;C). 



These classes resemble the Bott-Chern classes in complex geometry. We now state Theorem 2.5 
of BGl without proof. 

2.20. Theorem. The form Lk{A's, gY , gY) even and real. If deg k > 3, then Lk{A's, gY) depends 
modulo d^Q,*{B) only on {A'g,gY) at s = 0, 1 and on the homotopy class of the path (^l;)se[o,i] 
the space of fiat superconnections on V. For k{z) = ^ '^^^ 



2z 



2.C. Superconnections of total degree 1 and the form Sf{A' ,g^). We recall the definition 
of a superconnection of total degree 1. A flat superconnection of degree 1 on a Hermitian vector 
bundle V ^ B gives rise to a fibre-wise cochain complex with a metric g^ and a connection 
on its cohomology bundle H ^ B. Then we define a natural form Sf{A',g^) G W{B) relating the 
form /(V^, 5^) tof{A',g^). 
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2.21. Definition. A superconnection A on a Z-graded vector bundle V = is of total 
degree 1 iff 

z>o 

and A is of total degree —1 iff 

2.22. Remark. Let y be a Z-graded vector bundle with a Hermition metric . We say that V is 
a Z-graded Hermitian vector bundle iff respects the grading, i.e., iff _L V'^ for all j ^ k. In 
this cases, a superconnection is of total degree 1 iff its adjoint is of total degree —1. 

Now suppose that 1/ — > i? is a Z-graded Hermition vector bundle, and let be any connection 
on V with respect to which all subbundles are parallel. Let A' be a flat superconnection of total 
degree 1, then 

(2.23) A' = V^ + Y1 ^i*^ 4 ^ Hom(y^ y'^+i"^)) , 

j k 

and if V^'* denotes the adjoint of and A" the adjoint of A' with respect to g^ , then 

(2.24) A" = V^'* + ^ a;' with a'^ = {a'^)* G Q.^ {B; Hom(y^ V''+^-')) . 

j k 

Flatness of A' implies in particular 

(2.25) {a'of = , [V^ + a[,a'o] = , and (V^ + a[Y + ^,4] = . 

This says first of all that {V*,aQ) is a bundle of cochain complexes. Next, the coboundary opera- 
tor u'q is parallel with respect to -|- a[, so the fibre-wise cohomology H* {V* , Uq) forms a bundle 
over B denoted H ^ B, and + a[ induces a connection on H. Finally, the term a2 provides 
a cochain homotopy between the curvature of + a\ and 0, so the induced connection is fiat. 
The connection is called the GauB-Manin connection on H. 

If {V, g^) — > i? is a Z-graded Hermitian vector bundle as in Remark 2.22| , let Oq denote the adjoint 



of Og. By finite dimensional Hodge theory, we may identify Hi, with ker(aQ + Oq);, = ker(ao — ag);, 
for b £ B, so we get an identification of vector bundles 

H = keT{a'^ + Oq) = ker(ao - a'^) C V — > B . 

Let G r(Hom(y, H)) denote the orthogonal projection onto H, and let g^ denote the restriction 
of g^ to H. If we take adjoints with respect to g^ and g^ , then by BL , Proposition 2.6, we have 



(2.26) = P" (V^ + a'l) P° and V^'* = P° (V^'* + a'/) . 

We replace B hy B = B xR, and let V be the pullback of 1^ to P, with induced superconnection 

a' = A' + -^dt 
ot 
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as in (2.23). Let G r(Endy) be the number operator that acts by multiphcation with i onV^, 
and consider the metric on V with 

If A" is the adjoint of A' with respect to as in |(2.24) , then the adjoint of A with respect to g^ 
is given by 



dt . 



We have an operator 



X = -{a"-A') efl*{B;EndV) 



and we denote its restriction to 5 x {t} by Xt- 

If we conjugate by t 2 , we obtain superconnections 



d 



and A" = t— A t"— = V^'* + Y.*~^'j + [^ + 



dt 2t 



dt 



and A" and A' are adjoint to each other with respect to the pull-back of g^ with to V ^ B that 
we still denote by g^ . Let 



(2.27) 



UJ 



V _ v^'* - = [V^,^''] G l^^(i?;EndF) 



and as in (2.13) , set 



i-i a'/ - a'- 



+ N 



V 



dt 
2t 



and we write Xt for the restriction of X to the submanifold B x {t}. 
We define / to be twice the form with the same name in [BL]| , 



(2.28) 



f{A',g^) ={27ri)-— str^ iV^/'(X 



If gY = g [t • , • ) denotes the restriction of g to B x {t}, then clearly 

(2.29) = = /(lu^) ^ = /(A',5r) +/(^',5r) I , 

and this form is closed on i? x M. 
Again differing from |[BLJ| , we define 

x{V)=stTv{l) = Y.^-iy MVl and x'(l^) = stry (iV^) = ^(-l)^' j rk(y^) , 

so x{^) = x{H). Then by |BL| , Theorem 2.9, as t ^ 00, 

(2.30) =/(V^,5^)+0(t-t 

and = f'iO)x'{H)+o(t-^^ 

We define 5/(yl',g^) as in BLJ| , |BG1J| , where convergence is granted by (2.30). 
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2.31. Definition. Set 



9t 



/'(o)x'W)| 



G n*(B) 



Then we have the following important result of BL| , Theorems 2.16, and BGl , Theorem 1.25. 
2.32. Theorem. The form Sf{A',g^) is even and real, and satisfies 

d^Sj{A',g^)=f{A',g^)-f{V",g"). 

Proof This follows from |(2.29)| and |(2.30)i □ 



Let now g^ , g'^ be two metrics on V ^ and let g^ , g'^ be the corresponding metrics 
on H ^ B. From Theorem p.32| and Definition |2.16| , we easily deduce that 

(2.33) Sf{A',g"') - Sf{A',g'') = f{A',g'',g"') - f{A',g",g'^) . 

In order to control the behaviour of Sf{A' ,g'^) under variation of A' , we assume for a moment 



that / is an odd homolomorphic function of degree > 3 that satisfies (2.12)| . Then k{z) = ^ 
is also holomorphic. Let {A'g,gY)s^[o,i] be a family of flat superconnections and Z-graded metrics 
on V . We assume that the dimension of the cohomology bundles Hg is independent of s, then 
these bundle combine to form a family over B x [0, 1], and we get a family {^^''^ , g^)s^[o.i\ of flat 
connections and metrics. We recall Theorem 2.15 of | BGl , again without proof. 

2.34. Theorem. Modulo exact forms on B, we have 

Sf{A[,gr) - Sf{A'„g^) = L,{A'g,gX ,gr) - L.iv'^'-^^g^ ,g^) . 

2.d. Family Thom-Smale complexes and their torsion forms. We define a family Thom- 
Smale complex to be a Z-graded complex vector bundle V ^ B with a flat superconnection A' = 
+ a' of total degree 1 such that the connection is diagonal and the coefficients a' are upper 
triangular with respect to the eigenspace decomposition of an endomorphism , in a sense to be 
made precise. For such a vector bundle, together with an adapted metric g^ , we define a torsion 
form Tf{A',g^,h^) relating f{V",g") to f{V^,g^). In the special case that a'j = for j / 0, 
we may take = N^, and our torsion forms equal those of |BL| , Chapter 2, that appeared in 



Theorem 0.1 of fBGl 



2.35. Definition. Let y be a Z-graded complex vector bundle as in Remark 2.22| , let A' = V^ + a' 
be a flat superconnection of total degree 1, and let S r(End'^ V) be an endomorphism of V of 
degree 0. Then {V, A' , h^) is called a family Thom-Smale complex iff for each compact subset K C 
B there exists e > 0, and for each point b £ K there exists a neighbourhood U of b, such that 

(1) for each j, there is a splitting V^u = 0^ V^, which is preserved by V^; 

(2) the endomorphism acts on by a function hi^:U ^ M; 

(3) for each j and each a, 



If F:M ^ B is a smooth map, then the pullback F*{V, A', h^) = {F*V, F*A',F*h^) is defined in 
the obvious way. 

It seems that we should include in the notation for a family Thom-Smale complex. However, 
the following statement shows that this is not necessary. 
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2.36. Proposition. The connection in Definition 2.35 is uniquely determined by A' and hX . 
Moreover, it is fiat. 

Proof. Fix a compact subset K C B, a point b ^ K and a small open neighbourhood U of 6 in S 
as above. Let V\u = 0^ 0q, be the local splitting of (1) above, and let P-^: V\u Vl be the 
corresponding product projections. By (3), we clearly have 

pi A' pi = pi pi = V^- 

over [/, and since preserves V^, the connection V^<^ is simply the restriction of over U 
to V^. In particular, V'^\u = ©j uniquely determined by A' . 

Similarly, we can calculate the curvature of V^-^ by 

{v^iY = Pi{v^YPi = Pi{^YPi = ^, 

again using (3) to show that the derivatives of a' do not contribute to (V^a)2_ 



□ 



For example, if A' = + is a flat family of complexes as in |BL| , section 2.f, that is, 
we may take hX = N'^ in order to obtain a family Thom-Smale complex. If 
we constructed V, and A' as in Section ||, then we may choose to act on C V by h^- 

2.37. Definition. Let {V,A',h^) be a family Thom-Smale complex. An adapted metric on V is 
a metric 



-.v 



on V 



such that the splitting of Definition |2.35| (1) is g(^-orthogonal. 

2.38. Remark. If {V,A',h^) is a family Thom-Smale complex and is an adapted metric, then 
the endomorphisms and N'^ are self-adjoint with respect to . Because and respect 
the splitting of V in Definition 2.35| (1), so do V^'* and oj'^ . If we set 

V^'" = ^ (V^'* + V^) , 

then V^'" also preserves that splitting. If we write 



then dhX acts on V"^ by d/i^. We have the obvious relations 



uV V 

h ,uj 



. 



Let A = A' + ^ dt+ dT denote the trivial extension of A' to the pullback y of F to i? x M> : 



dt _ 

Define a metric g^ on V by 
(2.39) g 
If we take the adjoint of A' with respect to g^ , we obtain a flat superconnection 



logTdh^ + 
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and an operator 



x = i{r-A'). 



We denote the restrictions of , A , A , X to B x {(t,T)} by gYr^ T' ^tr ^t,T- 

VI we conjugate everything with t 2 j 2 ^ we obtain two superconnections 
(2.40) 



A' = v^ + ^t~r 



2 a'jT~ 2 



.iil logT 



dh'' + — 



a iV 



V 



l-j 



and A"=V^'* + ^t~T 



2 a;' T 2 



logT 



dt 2t 
d 



dh^ + {— + 



dt 2t 



dt+ 



9T + 2t'^^ 



that are adjoints of each other with respect to , and a gf^-skew-adjoint operator 



(2.41) 



X = \ (A" - A') 



Fix a compact subset K oi B and let e be the constant of Definition 2.35 . From now on, we 
keep t fixed. Then 

y 1 1 _o , uV uV uV uV 



(2.42) 



ijj 



\ ft 



logT 



dh' 



^^ + i^d/.^ + 0(r2 
2 2 



uniformly on as T ^ 0. 

Define V^'" as in Remark 2.3^ , then since / and uj^ + logTd/i^ are odd with [a;^,(i/i^] 
(dh^)'^ = 0, and u>^ + logT dh^ commutes with , we have 



strv /i^ 



+logr(i/i^ 



strv(/i^)/'(0) , 



and stry ( / 
with 



uj^ + los,Tdh^ 



logT 



stry( /(^) 1 + ^ strv((i/i^/'(^ 



str^U^/'(^^ 



stry 



V^'",/i^/'( — 



d^stryf/i^/'^'^ 



^\.Yy[dW) /'(O) 



by Remark 2.3^ , so 



d 



flV'' +—dT,g'' ) =/l V 



5r 



d 



(27r«) 2 stryl / 



dT 2T 
uj^ +\ogTdh^ 



, ( ,y ^.fuj^ + \ogTdh^\\ dT 
+ (2^^) 2 stryU^/'l^ 1 jj — 

/(V^,5^)+d^(i^ strv(/.^))/'(0). 
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Define an odd closed and real form 
(—1 y 



(2.43) a = /(A',g^) -/(V^ + ^dt + ^dr,^'') e f)* (i? x (0, oo) x M) , 



dt 

then for fixed t, 

(2.44) ai = /(I^,^,5^)-/(V^,<7^) 



+ {2m)-— Sir v{h' f'{Xt,T)]^-d'' ^ 



dT 



logT 



stry(/i^) /'(O) 



For a fixed compact if C -B, let e be as in Definition 2.35 , and choose < e' < |. Using (2.42) 
we compute 



(2.45) 



at = (27ri) 2 stry / 



cj^ + logTd/i^ 



+ 0[T2 



+ (27ri)" 2 stryj /i^ / 



Juj^ + \ogTdh 



V 



+ 0[T2 



dT 
2T 



-d' 



= 0{T^')+0{T^')§ 

as T ^ 0, where the terms 0{T'^ ) do not involve the exterior variable dT. Using this formula 
and (2.30) , we find that the integrals in the following definition converge. 

2.46. Definition. Let {V, A' ^hX) be a family Thom-Smale complex with an adapted metric , 
then we define its torsion form in Q.* {B) / d^ {B) by 

Tf{A',g'',h'')=-{27ri)-— J (stry (7V^/'(X,,i)) - x'(i^)/'(0) 

dt 



{x'(V)-x'{H))f'{V^t/2) 



2t 



{27ri)-— / (stry (/i^/'(Xi,t)) -stry (/i^)/'(0) 



dT 



- ix'iV) - x'{H)) {f'iV^/2) - /'(O)) j — . 

2.47. Remark. Suppose that A' = + ao is a flat superconnection on a Z-graded Hermitian vector 
bundle {V,g^), then the form Tf{A',g^,N^) clearly equals the form 

P30)l ) Tf{A',g'')=-{27Ti)-— J (stry(iV^/'(Xi,i)) 



- x'iH)f'iO) - {x'iV) - x'iH)) f'{V^t/2 



dt 
2i 



of [BL], |[BG1]| . This motivates some of the correction terms in Definition |2.46| . In particular, the 
component of degree can be written as 

Tj{A',gy,Nyy^^ = \ 5]str^.(iV^ log{a', + alf) . 
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2.48. Theorem. The form Tf{A',g^, h^) £ n*{B) is even and real, and if F: M 
map, then 

Tf{F*A',F*g^,F*h^) = F*Tf{A' ,h^) . 

We have 

d^Tj (^',5^, /i^) = /(V, 5^) - /(V^, 5^) . 
The component of Tf{A' , , h^) in degree zero is given by 

r/(^',5^,/i^)M = i str(iV^ log(a;, + a[,')2|kerK+,„).) . 



B is a smooth 



Proof. The form Tf{A',g^, h^) is even and real because f{A,g^) is odd on B X M> X M and real 
by Theorem 2.15. The first equation of Theorem 2.48 is clear from Definition 2.4(:. 



It follows from Definition 2.31 and Theorem 2.32 that 

{2ni)-— (stry{N^f'{X,^,))-x'{H)f'{0) 

-{x'{V)-x'{H)) n^t/2))f^ 

= d^Sf{A',g^)=f{A',g^)-f{V^,g^). 
Fix K C B compact and e' > as above, then equations |(2.44)| and |(2.45)| imply that similarly, 

(2.50) -d^f(27ri)-— (stry(/i^/'(Xi,T)) -stry(/i^)/'(0) 

- ix'iV) - x'{H)) (/'(V^/2) - /'(O))) 



'bx[o,i]/b 



The second equation in Theorem 2.48 follows from (2.49) and (2.50)| . 

Now fix 6 G i? and consider the Z-graded Hermitian vector bundle {Vh x [0, l],g^'') [0, 1] with 
the trivial flat connection V''. This bundle admits a flat superconnection AJ, = + V*^. Let u 
denote the coordinate of [0,1], then [Vf, x [0,1], A'fj,uh^ + (1 — u)N'^) is a family Thom-Smale 
complex with adapted metric g^'' . We have 

dTf{A'„g''\uh'' + (1 - n) iV^) = f{V',g'''^) - /(V^,^^) = e O*([0, 1]) . 



On the other hand, Theorem 2.25 in [BL]| shows that at li = 0, we obtain the classical Reidemeister 
torsion of the complex (y, Oq), which proves the last assertion. □ 

2.51. Remark. Suppose that 7 G r(Endy) acts by fibre-wise isometries on V, leaving A' and hX 
invariant. Then there is an obvious equivariant analogue Tf^^{A',g^, hX) satisfying an equivariant 



version of Theorem 2.48 



2.e. Rigidity of the forms Tf{A',g^,h^). We analyse the behaviour oi Tf{A' , g^ , ) under 
smooth variation of A' , g^ and hX . 
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2.52. Definition. Let V ^ B he a Z-graded complex vector bundle, and let {A'g,gY , hY)se[o,i] be 
family of flat superconnections of total degree 1 with A'^ = V^'^ + Os) ^-graded Hermitian metrics, 
and Z-graded endomorphisms on V. We call {A'^, gY , hY)se[o,i] a family of family Thom-Smale 
complexes iff for each compactum K G B x [0,1] there exists e > 0, and for each point b G K there 
exists a neighbourhood f7 of 6 in i? x [0, 1], such that Definition 2.35 (l)-(3) hold over U. 

Note that both in Definition 2.35| and here, the splittings of V^u = allowed to 

depend on U. In particular, it may happen that several eigenvalues of run together over a 
certain subset of x [0, 1]. 

Let us assume for the moment that / is an odd holomorphic function of degree > 3 that satis- 
fies (2.12), cf. Theorem 2.34, and set k{z) = ^ as before. We also assume that the dimension 
of the cohomology bundles Hg is independent of s G [0, 1], so that they combine to form a bundle 
on B X [0, 1]. Let {^^''^ ■,g^)s^[o,i\ be the induced family of flat connections and Hermitian metrics. 

2.53. Proposition. Modulo exact forms on B, we have 



Tf[A,,gXX)-Tf{^o.9^X' 



LkV^ ■ ,90 ,91 ] 



Proof. Because we already know Theorem |2.34] , we only have to care about the integral over T in 
Definition ^.46 . For fixed t, define a form 



it = (27ri)- 



2 



strv I k(Xi^ 



ds 



stry k 



logTdhY , hY 
2 ^ 2r 



ds 



ds 



on B X [0, 1] X {t} X R. As in |(2.18)|, we have 



ttsi ds 



where as,t is the form defined in (2.43) . In particular, the form £t+c^t is closed on B x [0, 1] x {t} x] 
As r — > 0, we have 



dA.. 



and 



ds 

Xs,t 



u^^' + logTdhY 



+ ^ dT + 0[T2 
2T 



This implies that 
(2.54) 

uniformly in s as T 



O T2 



.o(rf)g 

0, where the forms 0{T2 ) do not contain the exterior variable dT. 



By 1(2.45)1 , 1(2.54)1 and Stokes' theorem. 



d 



B 



Bx[0,l]x[0,l]/-B 



Bx[0,l]/B 



^1,1 



(ai,i - Qo,i) 

lBx[0,l]/B 

1 fixed, where the first integration on the right hand side is in the direction of T, and the 
second in the direction of s. Together with Theorem 2.34, this proves our proposition. □ 



for t 



The next step towards the general case is an analogue of Theorem 2.18 in [BGlj . Let / be an 

Let a > 0, let i? be a polynomial, and set 



odd holomorphic function satisfying |(2.12 
(2.55) fa{z) = 

Then fa also satisfies (2.12). 



^ da 



a=l 
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2.56. Proposition. The torsion with respect to the generating function fa is up to exact forms 
on B given by 



a=l 



a—Tf{A',g^,h^ 



Proof. Let us regard the form a of (2.43) for variable t, but T = 1. Because 



we have 



Setting 



a\T= 



^, = f{A',g^)-f{V'',gY)-x\V)r{0) 



dt 
2t 



P = ix'iV) - x'iH)) {f'{V^t/2) - /'(O)) (I + , 



we may therefore rewrite Definition 2.4(: as 



T,{A',g\hy)=- [ 

J B 



Bx({l}x[0,l] U (1,oo)x{1})/b 



(«-/?) 



Rescahng t to at gives 
,v 






IorT 



h 



V 



Xat = ^ + Y^iat)^ (T-- a'^ T- - T" ^ T"" j +^dh^ + — dT 

3 

= a 2 Xt a 2 . 
This imphes that 



(^^i^y(X,,r) = nV~aX,,T) = fix. 



.t,T)a 2 . 



We may thus express the torsion form with respect to 



as 



-a— / (strv{nXat,T))-x'{H)f'iO) 

J Bx(l,oo)x{l}/B ^ 



{x'iV)-x'iH)) f'{V^t/2 



dt 
2t 



a 2 



Bx{a}x[0,l]/B 



« - (X'(^) - X'(i^)) - /'(O)) — 



dT 



-a— I (a-P) 

'Bx([l,a]x{0} U {a}x[0,l] U (a,oo) X {1})/b 
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Figure p. 57 . Paths in the construction of Tf and Tf^. 



Here we have used that a vanishes on B x [l,a] x {0} by |(2.45)| , and that (3 is symmetric in t 
and T. Since the integrand above is closed, we may integrate along any path from (oo, 1) to (1,0), 
changing the result only by an exact form, so 



Our theorem now follows, since 



— T,{A',gy,h^)+a—d^ / 

JBx[l,alx[0,l 



(a-p). 



[0,1]/B 



R 



{da) 



a=l 



TV' 



— Tf{A',g^,h'' 



□ 



We can now finally prove the analogue of |[BG1] , Theorem 2.20. We return to the conven- 

/'(^)-/'(o) 

2z 



tion (2.11) that f{z) = ze^ , and we set k{z] 
2.58. Theorem. Modulo exact forms on B, we have 



Tj{A[,gY,hY)-Tj{A'„g^,h^ 



[>2] 



2.59. Remark. Note that the right hand side is independend modulo d^}*{B) of the path connect- 
ing V^'° with V^'^ and V^'° with V^'^, even though both L^-terms may depend on the homotopy 
class of these paths in degree > 4, and on the paths themselves in degree 2. 



Proof. Choose f{z) = ze^ as in 1(2.11)1 and set R{X) = X in |(2.55)| , so that fa{z) = z" e IS now 



of degree 3, and let ka{z) = By Proposition p.53| and Proposition p. 56 



.3 ^z^ 



(V^'^ 50^50 -i..„(V^'^ 50^, 5f) 



d_ 

da 



a=l 



a— iTf{A'^,gX,hX)-Tf{A'^^g^X 



On the other hand, we have 
ka{z) = e"" = 



d_ 

da 



a=l 



(l + 2az2)e"^ -1 

Yz 



d_ 
da 



a=l 
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It is now easy to check that 




Together, these equations give 



from which our theorem finally follows. □ 

2.f. Fibre-wise Morse functions and torsion classes. We show how to associate torsion 
classes to families of compact manifolds with fibre-wise Morse functions. If we start with a flat bun- 
dle {F, V^) M that admits a parallel metric , such that the fibre-wise cohomology {H, \/^) — > 
B also admits a parallel metric, then we obtain a well-defined cohomology class Tf^V^ , h, ,g^) S 
jjeven,>2^j^^ that is invariant under smooth deformations of h in the space of all fibre-wise Morse- 
functions on M. 

Let p: M ^ B he a bundle with compact fibres, and assume that {F, V^) — > M is a fiat bundle 
and /i: M — > M is a Morse function on each fibre of p. If p: C — > denotes the covering of B by the 
fibre- wise critical points of h, we define the bundle V = p^.(A'^^^T'^ X (^i F\c) , with the Z-grading by 
the fibre-wise index of h as in Definition 1.1. Then h acts by multiplication on A™^^T'^X(S'F\c, and 



we let G r(End V) be the pushdown of this action. Let A' = + a be the superconnection 



of Definition |1.60| , then a G ^*{B; End"^ V) is of total degree 1 by Theorem 1.61 



2.60. Remark. The bundle {V,A',h^) is a family Thom-Smale complex in the sense of Defini- 
tion 2.35 , and any Hermitian metric on F — > M induces by restriction to Fc and push-down 
to y ^ -B an adapted metric g^ on V. In fact, if we denote by the various local leaves of fP 
where h has index j, we may take the V^-parallel splitting 



such that acts on by multiplication with /i^ = h\^j , so points (1) and (2) of Definition 2.35 
are satisfied. We have A' = + a' with a E n*{B; End+ V) by Definition |l| and Theorem |L61 , 
so (3) also holds. 

Suppose that A'q and A'l are two flat superconnections of total degree one on V ^ B, both 
constructed as in Section |l]. In particular, both {V, A'q, hX) and (y, A'^, hX) are family Thom-Smale 
complexes. Then we know by Proposition 1.65| that there exists a flat superconnection 



of total degree one on the pullback V oiV to B = B x [0, 1], also constructed as in Section |I], such 
that A \bx{s} = A'g for s = 0, 1. 
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We fix a metric on F ^ M, let be the induced metric o V, and let g^ be its pull-back 
to V ^ B. Similarly, pulls back to an endomorphism of V, and (T^, ^ ,h^) is a family 
Thom-Smale complex with adapted metric g^ . 

Let H = H*{V,a'Q) denote the fibre -wise cohomology with its Gauf^-Manin connection V , 
and let g^ denote the metric induced on H by g^ using finite-dimensional Hodge theory. Then 
for s = 0, 1, the restriction of (i?, V^,g'^) to x {s} is naturally isomorphic to the cohomology 
bundle H ^ B with Gaufi-Manin connection and metric g^ induced by g^ . Thus, we have 



as in Definition 2.16. 

2.61. Proposition. Let A'q and A'^ he two superconnections on V that are constructed as in 
Definition l.GOj, and let g^ he induced hy a metric g^ on F ^ M. Then 

Tf{A[,g'',h^)-Tf{A'„g'',h'') = -f{V'',g^,gf) modulo ^* {B) . 
Proof. By Theorem 2.48| and Stokes' Theorem, 



r^K,9^,/.^)=(i/_ Tf[-i,g^y) 

Jb/b 



I- in 

Jb/b ^ 



= -/(V^,5o'',5f) modulo 

because /(V"^,5r^) is just the pullback of fiV^,g^) to B, so /^^^ f{y^,g^) vanishes. □ 

In particular, if we fix metrics g^ on F and g^ on H, we can define a torsion form for the 
bundle M — > B, equipped with a flat vector bundle {F, V^) — > M and a flbre-wise Morse function h 
that is independent of all choices made during the constructions in Section by setting 

(2.62) r/(V^,/i,5^,5^) =T^(^',g^,/i^) +/(V^,5^,g^) G n* (B) / Q* (B) . 

It follows from Proposition 2.61 that Tf{W^ ,h,g^ ,g^) is indeed well-defined. 

2.63. Corollary. Assume that the metrics g^\c ^nd g^ are parallel, then Tf{S/^ ,h,g^ ,g^) 
dehnes a cohomology class in H^^'^(B). Moreover, only the homogeneous part of degree depends 
on the particular choice of g^\c and g^ . 



Proof. The first assertion is immediate from Theorem 2.48 and Definition 2.64 . The second claim 
follows because any two parallel metrics g^ , g^ on a flat bundle are related by family of fiat 
metrics gf = {1 — s) g^ + s gf . Let g^ be the metric induced by this family on the pullback F — > 
B = B X [0, 1]. Let V-^'* be the adjoint of the pullback of to F with respect to g^ . Then 



yF,*_yF,* g 0^(5, End F) 



vanishes on all vectors in TB that are tangent to the factor B. In particular, (w^) = for k > 1, 



so 



f{V^,g^,g()=f{V^,g^,g() 



F\[0] 



□ 
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2.64. Definition. Assuming that the metrics g^\c on F\c ^ C and on H ^ B are parallel, 
we define the higher Morse torsion 



2.g. Generalised metrics and the classes S f{A' , g^). We recall the notion of a generalised 
metric following |BG1J , Section 2.9. Our presentation will follow the lines of Section 2. a above. 
We also recall the definition of Sf for generalised metrics. The content of this subsection will be 
needed only in Section ^, where generalised metrics appear naturally as restrictions of "classical" 
metrics to certain subbundles of A*TB ® i}{M/ B; F) formed by "generalised eigenspaces" of the 
Witten-deformed operator 

Recall that in Section 2. a, we extended a metric g^ on a vector bundle y — > to an M-bilinear 
map g^: {A*TB ® A*TB with the properties |(2.2)| and |(2.3)| . A natural generalisation of 

metrics is the following. 

2.65. Definition. A generahsed Hermitian metric on a Z2-graded complex vector bundle V — > 
B is an M-bilinear map g^: {A*TB ^Vf ^ A*TB, such that 

(1) the component (g^)[°l : (c/^)^ ^ C is a Hermitian metric; 

(2) g^ is even with respect to the total grading of A*TB ® V] 

(3) for if G we have 



g^(t(;,f) 



deg(g {w,v))- 



g^(t!,ti;) ; 



(4) for a, (3 £ A*TB and v, w & V, we have 



r deg(/3) 1 _ 

;^(a§t;,/3§ = (-l)L 2 \aAg^{v,w)AP 



Properties (3) and (4) are the natural generalisations of (2.2) and (2.3) . Together, they imply 
that (3) still holds for v, w ^ A*TB . Note that as in Remark 2.9, we may regard g^ as an even 
element of ft* (^B;ilom{V,V )). Clearly, there is an analogous notion of a generalised Euclidean 
metric. Note that by (2), the part (g^)''^^ of horizontal degree respects the Z^-grading of V. 

2.66. Remark. Since any convex combination of generalised metrics is again a generalised metric, the 
space of generalised metrics on a given vector bundle is contractible. In particular, any generalised 
metric can be deformed onto its component (g^)t'^l. 

When we define adjoints of endomorphisms and superconnections with respect to general metrics, 
we have to take care of the fact that {v, w) may be an odd form for v, w £ V. 

2.67. Definition. For an endomorphism E £ 0,*{B; Endy), we define the adjoint endomorphism 
by 



and for a superconnection A on V, we set 



A* = (g^)-iA g 



2.68. Remark. For an endomorphism E S End!/, Definition 2.67| is equivalent to 

g^{E*w,v) = (-1)1-^1 (l-^l + l'"l+l''l)g^(u;,Si;) 
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for all i;, w £ V . Note that \E\ + \w\ + \v\ has the same parity as the exterior degree of the 
form {w, Ev). 

For a connection V^, we get 



V 



V,* 



with 



V 



-1 [v^,gVl 



Definition |]6| (3), (4) and Definition imply that {E*)* = E and {A 
connections A and all E E f7*(M;Endy). 



S7*(5;Endy) . 

= A for all super- 



For odd elements a®E £ End and for superconnections A on V , Definition 2.65| (4) 



and Definition 2.6? imply that 

{) = {E*v,w) + {-if''^ ^ (^^s ™) {v, Ew) 
and = (A*^;, u;) + (-l)'^^s (^^s^+^^s^) (w, Au;) 

for all V, w £ ^l* {M;V). Thus, most of the properties of metrics, superconnections and their 
adjoints generalise to the present setting. 



JTTT^. If is 



Let /: C ^ C be a holomorphic function satisfying |(2.12) , e.g., f{z) = ze^ as in 
a generalised Hermitian metric and A' is a superconnection, let A" be the adjoint of A' with respect 
to g^, and set X = i {A" - A') as in |(2.13)| . We have a natural generalisation of Definition |2.14| . 

2.69. Definition. Let f{A',g^) G n*{B) be defined by 



/(^',g^) =(27r^)^ stry(/(X)) 



Theorem 2.15 extends literally to this generalised setting, so in particular, f[A',g^) is odd, 
closed, and real. Similarly, we define f{A',gQ ,gY) ^ fl* {B) / Q* (B) as in Definition |2.16| . Again, 
Corollary 2.17 extends literally to this situation and gives in particular 



d^f{A',g^,gr) = f{A',gr)-f{A',g^). 

We also need a generalisation of Definition p.31| to this setting. Therefore, let {V,g^) B he a 
Z-graded Hermitian vector bundle, let {gY)teio,oo) be a smooth family of generalised metrics on V, 
and let g' G ft*{B;EndV) be even, such that as t ^ oo. 



(2.70) 



t 



sit- 



2 



and 



Ml. / y\-^dgr .-Ml. 



t 2 



gt 



dt 



1 / 3 



where both O(-) are even elements of Q,*{B;EndV). Let g^ be the generalised metric on V = 
V X (0, oo) ^ B = B X (0, oo) induced by gY , in particular, g^ does not contain the exterior 
variable dt. 

Let A' be a fiat superconnection of total degree 1 as in Definition p.21| , so 
^' = V^ + ^ai with ai £n'{B;End^-'V) , 



and let A = A' + dt be the trivial extension of A' to V. Let A be the adjoint of A with 
respect to g^. Note that A is not necessarily of total degree —1, since g^ can shuffle degrees. 



Nevertheless, using that A is of total degree 1 together with |(2.70)| , we establish the following 
properties of A' and A'^ . 
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2.71. Proposition (|[BG1J|, Proposition 2.46). As t ^ oo, 



NZ_ NZ. ( 1 



N 



N 



and t~ A'lt~~ = \/i + V^'* + + [a^, 5'] + O (t" 2 



where adjoints are taken with respect to . □ 
As in 1(2.13)1 , we define 



-1 Q^V 



dt 



dt 



We define an odd closed differential form on B by 
(2.72) /3 = /(:4',g^) - ^x'{H) -^x{V?j /'(O) 



dt 
2t 



f{A',gY) + {27ri)-—[strv(-[EY 



dt 



fiXt 



.'(.)-f.(.))^ 



dt . 



Let be the metric induced by on H = H*{V,ai) B, and let be the Gaufi-Manin 
connection on H induced by A' . If P^: V ^ H denotes the g(^-orthogonal projection onto the (ao + 
aQ)-harmonic elements of V, then clearly [^O'^'] ~ 0- Now the proof of BLJ , Theorem 2.9, 
translates to this situation and gives an estimate for /? as t — > 00, cf. |BG1 , Proposition 2.48. 

2.73. Proposition. As t ^ 00, 

P = /(V^,9'') +0(t-h) +0(t-l) dt , 



where the 0{-) £ [B; End V) do not contain dt. □ 

Let g^t be two generalised metrics on V, together with gY and g'^, such that (2.70) holds 
for s = 0, 1. Then there exist families g^^, gY and g'^ for s £ [0, 1] that restrict to the given metrics 
for s = 0, 1, such that (2.70) holds uniformly in s. We define a form (5 on B x [0, 1] x (0,oo), and 
we let j3s denote its restriction to P x {s} x (0, 00). Let g^ denote the metric induced on H hy gY , 
then the obvious generalisation of (2.33)| is 



(2.74) 



- /3o) = /(^',go^i,gJ:i) - /(V^,5o'',5f ) G n*{B)/d^^*{B) . 



'(Bx(l,oo))/B 

Writing g^ = g]^, me can now define a generalisation of the class Sf{A' ,g^). 
2.75. Definition. Set 



Sj{A',g^,g'') = [ p e n*{B)/d''n*{B) . 

J (Bx(l,oo))/B 



'(_Bx(l,oo))/i 

Note that the class Sf{A',g^,g^) was called Uf{A',gY) in |BG1| . 
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2.76. Theorem ( BGl , Theorem 2.50). The form Sf{A' ,g^) is even and satisGes 

d^Sf{A',g^,g^)=f{A',g^)-f{V^,9"). 
If g'^ is another generahsed metric on V and g'^ is another metric on H, them 



Let g^ be a fixed metric on V that respects the Z-grading. Note that the family g^ t^ does 



not quite satisfy (2.70). Me may however set 



-.V.N''- f 



9l =9" 

and since commutes with all operators involved, we have 



^1 = t- 



2 A" e 

Because of this, our form /? of [(2.72) becomes 



/? = /(^',<7^t^")+(27ri)-^ |^str,.( 



(xW-fx(^))/'(o))| 



+ (2v^^)-^ (strv'(iV^/'(X,)) -x'(F)/'(0)) ^ . 



Let again g^ be the metric induced on H by g^ . A comparison with our definition of Sf{A',g^' 



in Definition 2.31 shows that 

(2.77) 5j(^',5^,<7^) = Sf{A',g'') G (B) / d"" n* (B) , 

which justifies our notation. 



2.h. Analytic torsion forms. We recall the construction of analytic torsion forms in |BL . 

Let p: M B he a smooth fibre bundle, and let (F, V^) ^ M be a flat complex vector 
bundle. Let ^}*(M; F) denote the space of F- valued differential forms on M. If we fix a horizontal 
subbundle M C TM with T^M®TX = TM, then T^M ^p*TB, and we may split A*TM = 
p*A*TB § A*TX. We denote the space of vertical forms by Vt*{M/B] F) = p^{A*TX 0F) ^ B, 
then we have 

(2.78) n* (M; F) = n* {B; Q* {M/B; F)) . 

Let n £ T{p*A^TB ® TX) denote the fibre-bundle curvature of M , given by 

Vl{v, w) = — [v, tD] G TX , 

where v, id G T{T^ M) are horizontal lifts of vectorfields v, w on B and (•)"'" denote the projec- 
tion TM TX along T^M. With respect to the splitting |(2.78)| , we may interpret the exterior 
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differential d*^ induced by on n*{M;F) as a flat superconnection A' of total degree 1 on the 
infinite-dimensional vector bundle Q.*{M/ B; F) B. Classically, this superconnection decomposes 
as 



(2.79) A' = d^ = d''+ V^* + 



with respect to horizontal degree, cf. [BGVJ. 

Now let us fix a vertical metric g^"^ , then g^-^ induces a metric on A*TX that we still denote 
by g^'^ ■ We obtain a natural L2-metric on Q*{M/B;F), which we write as 

(2.80) g^'^'^iuJ, uj')t = [ (9^^ g^) {oj, u;% d Vol(x) , 

where dVol is the fibre- wise volume element induced by g^'^ . Let A" be the adjoint of A' with 
respect to g^'^'^ in the sense of Definition 2/7. Then 

(2.81) X = i (A" - A') = i ((d^'* - d^) + u'^'W^-'^) -e^- 

G n* {B ; End n*{M/B;F)) 

is a fibre- wise elliptic differential operator on ^}*{M;F) with coefficients in Q*{B). Moreover, X is 
skew-adjoint in the sense of Definition p.7| . 

By Hodge theory, we can identify the fibre-wise cohomology H = i7^j^(M/i?; i*") with the bun- 
dle of {d^'* - (i'^)-harmonic forms in n*{M/B;F). Then SJ^'{m/B;F) induces the GauB-Manin 
connection on H. We let g^^ denote the restriction of g'^'^'^ to H. 

Because — X^ has the same spectrum as the Hodge Laplacian — (X^^^)^ = j {d^'* ^-d^Y^ the odd 

heat kernel Xe^ is of trace-class. In particular, as in Definition we obtain an odd, closed and 
real form 

(2.82) /(A',g^^'^) =str(Xe^') . 

Let A^'''- denote the fibre-wise number operator on Q.*{M]F) and ^}*{M/B;F). We set gf^ = 
g'^'^{t~^ ■ , ■ ). Let gj'^'^ denote the induced L2-metric on Q,*{M/B;F), then 



(2.83) 5r'^ = 5^^'^(t^^-^-,-) 

where the additional is due to the change of the fibre-wise volume element. Let g'^'^'^ denote 
the metric on Q.*{M / B]F) x (0, 00) such that 5^^''^|_Bx{t} = 9t'^'^ ■ Let A be the adjoint of the 
obvious extension a' of the superconnection A' to the bundle 0,*{M/B; F) x (0, 00) B x {0, 00), 
and set X = ^ (A — A ). As before, restriction to x {t} will be written ( • )t. 
The form 

/(A',5™)-X'(i^)/'(0)| 

= /(A;,5^^'0 +(2vri)-^ (str(Ar^/'(X,)) -x'(i/)/'(0)) | 



is closed and satisfies 



/(a',5^^'^) - x'{H) /'(O) ^ = f{V",gl) + O(t-i) + +0(t-l) dt , 



2t 

as t — > 00 by BLJ , Theorem 3.21, where the 0{ ■ )-terms do not involve dt. 
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2.84. Definition. Set 



Sf{T^M,g^^y^,g^) = -(2vrz)-^ (str (iV^ /'(X,)) - x' W /'(O)) | • 
Then clearly, Sf{T^M,g'^-^,'V^,g^) is even and real, and satisfies 

Let V"^^ be ttie natural connection on TX M that is induced by M and g^'^ , and 



let e{\/'^'^) be its Euler form. As f — > 0, again by BL , Theorem 3.21, 

dt 



= e(V^^) f{V^,g^) + x(^) - X'(^)) /'(O) ^ + O(t^) +0(^1) , 



where the 0{ ■ )-terms do not contain dt. 
2.85. Definition. Set 



str(iV^ /'(XO)-x'(^)/'(0) 



ix(^)-x'(^))/'(^))|. 

Let T^'^M, gj'^ , V^'* and gf denote families of horizontal subbundles and vertical metrics 
on TM, and of flat connections and Hermitian metrics on F for s G [0, 1], where we assume that 
the rank of Hs = H^^{M/ B; {F,V^''')) does not depend on s. Let V-^'* and g"^'' denote the 
families of induced flat connections and L2-metrics. Let V'^'^''^ denote the induced connections on 
the vertical tangent bundle, and let e(V^^''', V^"^'^) be the Chern-Simons class associated to the 



Euler class. Let k{z) = ^ ^''~/ . We now summarise IBLI , Theorems 3.23, 3.24, 3.29 and [[BGT 



/'(^)-/'(o) 
Theorem 3.45. 

2.86. Theorem. The form Tf{T^M,g^'^,'S/^,g^) is even and real, and satisfies 

(1) d^Tj{T"M,g^^,V^,g^) = [ e(V^^) /(V^, 5^) - /(V^, J • 

J M/B 

The coniponent Tf{T^ M, g'^'^ , g^)^'^^ of degree is equal to the Ray-Singer analytic tor- 
sion T^sig'^^ , g^) of the fibre. Moreover, modulo exact forms on B, 

(2) T/(r^'iM,5r,V^,5f) -T/(r^-OM,5o^^,V^,go^) 

J M/B 

J M/B 
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(3) and r,(T^M,/^,V^'\fff)[^^l -r,(r^M,/^,V^'°,5oO'^'l 

J M/B 

2.87. Remark. Note again that the right hand side of (3) is independend modulo dQ.*{B) of the 
paths connecting V'^''^ with V^'^ and V^''^ with V''^'^, even though both Lfc-terms may depend on 
the homotopy class of these paths in degree > 4, and on the paths themselves in degree 2. 

Suppose now that both the bundles F ^ M and H ^ B carry parallel metrics and g^ . 



Then as in Corollary 2.63, the form 

is closed, and its cohomology class is independend of the choice of the parallel metrics g^ and g^ 
in degree > 2. 

2.88. Definition. If the metrics g^ and g^ are parallel, define the higher analytic torsion 
Tf{M/B;F)=T,{T"M,g^^,V^,g^y^'^+f{V^,g^,giy^'^ G H^T'-^B) . 



2.i. The Chern normalisation. We recall the Chern normalisation of the odd characteristic 
classes of Definition 2.14 and the torsion forms of Definition p.46| and Definition 2.85 following BGlJ 



Note that "normalisation" means the choice of a particular generating function /. Theorem D.l 
does not depend on /, and the construction of torsion forms using the fun ction / of |(2TT)1 IS very 
convenient for proving it. Nevertheless, results like Theorem 0.1 of BG2 ] depend on the choice of 
normalisation. This suggests that the most natural normalisation of torsion forms is the one we 
are introducing now. 

Let (-F, V^) — > M be a flat vector bundle. A metric g^ on F determines an adjoint connec- 
tion V'^'* which is also flat, so 



ch(V^) =tr(e-^^) =ch(V-^'*) =rkF 



as differential forms. Let ch(V^,V^'*) be the natural Chern-Simons class in Q* (M) / d^'^ ^* (M) , 
then 

d^ch(V^, V^'*) = ch(V^'*) - ch(V^) = , 

so ch(V^, V^'*) is in fact a cohomology class. 

In order to construct a natural representative for this class, we choose a connection 



V 



^-(l_s)V^ + sV^'* + |-ds 



ds 



on F = F X [0,1] ^ B = B X [0,1]. Set lo^ = V^'* - as before. Because and V-^'* are flat, 
the curvature of V'^ is given by 



(V^)2 = s(l - s) [V^, V^'*] - (V^* - V^) ds = -s{l - s) (u^'f -u:^ds. 
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2.89. Definition. Set 

2.90. Theorem. The form ch°(V^, 5^) is real, odd and closed and represents the Chern-Simons 
class 7rich(V^, V^'*) in H^^{M). Moreover, for f{z) = ze^^ 

ch°(V^,5^) = [\as{1 - s))^f{V^,g^) ds . 
Jo 

Proof. It is clear that ch°(V^,5'^) represents vri ch(V^, V^'*) by the definition of Chern-Simons 
classes. Moreover, 

/u)'^ s{l-s) (ui'^f \ 

ch°(V^,5^)= tr(^^e l\ ys 

= J (4s(l-s)) 2 tr(— e 27ri 1 







1 



Finally, ch°(V^,5^) is real, odd and closed because f{S^ ,g^) is. □ 

This motivates the following definitions, where we make the same assumptions as before. In 
particular, let iV, A' ,hy) — > i? be a family Thom-Smale complex with an adapted metric g^ . 
Let p: M — > i? be a smooth bundle with compact fibres, with horizontal subbundle M and 
vertical metric g^ . Let {F,V^) ^ M be a fiat complex vector bundle, and let g^ , g^ and gf^ 
be metrics on F. Let (V, A'^, h^) be a family of family Thom-Smale complexes with adapted 
metrics gY for s G [0,1], and let V^'* be a family of flat connections on F ^ M, such that the 
fibre- wise cohomology Hg — > B has constant rank, with V^'^, gy'^ and g^^^ in both cases denoting 
the respective induced family of metrics and connections on Hg, respectively. 

2.91. Definition. Let f{V^,g^,g(), Lj^iA'^, g^ , gf), Tf{A',g^,h^), ^ndTf{T"M,gT^,V^,g^) 
be defined as in Definition |2.16 , Definition |2.1S| , Definition |2.46| and Definition |2.85 , and set 



ch°(V^,5o'' 


9() = 


Jo 


s)) — 


f{V^,g^,g[)ds 


G n*{M) 


L{A',.9o 


9X) = 


Jo 


s)) — 


Lk{A's,go ,gY) ds , 




T{A',g'', 


hn = 


Jo 


s)) — 


Tf{A',g'',h'')ds, 




and T{T"M,g'^^,V^ 




Jo 


s)) — 


Tf{T^M,g^^,V^,g^)ds 


G n*{B) 



Let us assume that {H,V^) is the fibre-wise cohomology of {V,A') (or {Q* {M / B ; F) , d^"^ ) re- 
spectively), with induced metric gy (or g^ ). Then we have the obvious analogues of Corollary ^.17| , 
Theorem |2.48 , Theorem 2.55 and Theorem p. 86 . 
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2.92. Corollary. The forms di°{V^ , , g^'), L{A'„g^,gY), T{A',g^,h^) and T{T^ M, g'^^ , 
\7^,g^) are even and real, and satisfy 

(1) d^^ch°(V^,9o^,5f ) = ch°(V^,5f ) - ch°(V^,ffo^) , 

(2) d^LK,5o^,5r) =ch°(A;,gr)[^'l -ch°K,5o^)[^3l , 

(3) d^r(^',5^,/i^) =ch°(V^,ff^) -ch°(V^,ff^) , 

(4) and d^T{T^M,g^^,V^,g^) = [ e(V^^) ch°(V^, g^) - ch°(V^, J . 

J M/B 



Modulo exact forms on B, 



(5) 
(6) 



T{A',gr,h^)-T{A',gX,h^) 

= ch°{V\g^,gr)-ch°{V^g^'\g^'') , 
r (Tf M, g^ , V^, <7f ) - T(To^M, g^^ , V^,gi) 

J M/B 



I M/B 
+ 



M/B 



e(V^^'O) ch° (V^ 5f ) - ch° (V^, 



(7) 
(8) 



and 



y,s V y\ r /^H.s H.O H,l\ 



M/B 



L(V 



H,s i?,0 H,l 



9l, ) ■ 



Theorem 2.45 and Corollary |2.92| (7) imply that T{A' ,g^ , hX) is independent of hX modulo exact 
forms in all degrees. In |[G]| , we will give a slightly more complicated definition of T{A',g^,h^) 
that does not depend on explicitly, but uses only the splitting A' = + a' induced by . 

Assume that the metrics g^ on F ^ B and g^ on H ^ B are parallel. Then Corollary p. 92 
implies in particular that we get higher torsion classes 



(2.93) 



T{M/B, F, h) = T{A',g'', h^) t^^l + ch° (V^, 9^, 5^) I^^l 



>2 



in H^^'-'^{B) as in Definition 2.64 and Definition 2.88. Moreover, the classes T{M/ B; F,h) 



and T{M/B; F) are independent of the particular parallel metrics on F and H and of all other 
secondary data needed to define the respective analytic torsion forms. 

3. Higher analytig torsion and Morse fungtions 



We recall our main result. Theorem 0.1, and show that it is compatible with other known results 
on higher analytic torsion. We also name a few conclusions in BGl that do not hold without 
Smale's transversality condition. Lott used the higher analytic torsion to define a pushdown in a 
secondary iT-theory in [[L]. In Section we apply Theorem |0.1| to simplify this pushdown in the 
presence of a fibre-wise Morse function. In Section |3.d| , we adapt the proof of Theorem 0.1 in 
to the current situation. Section ^ contains a new proof for the only intermediate result of 
that is affected by dropping the Smale condition. 



BGl 



[BGl] 
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3. a. Statement of the main result. Let p: M ^ B he a smooth fibre bundle with compact 
fibres, let (i^, V^) ^ M be a flat complex vector bundle, and assume that there exists a smooth 
function /i: M — > M such that h is a Morse function on each fibre of p. 

Let be a Hermitian metric on F. Then we have an odd characteristic form ch°{V^ , g^) of 
Definition p.89 that vanishes if g^ is parallel with respect to V^. 

Let M C TM be a horizontal subbundle complementary to the vertical tangent bundle TX, 
and let g'^'^ be vertical metric on TX. Let V"^^ be the natural connection on TX induced by 
these data. 

Let H = H*[M/B;F) — > B denote the bundle of the fibre-wise cohomology with values in F, 
then H carries a natural GauB-Manin connection V^, such that (ff, V^) is the Ei-ierm. in the 
Leray spectral sequence in de Rham theory for p with coefficients in F. Moreover, fibre-wise 
Hodge theory gives an L2-metric g^ on H as in BGl 
characteristic form. 



Let ch°(V^,(7^) be the corresponding odd 



Let T{T" M, g"^^ ,V^,g^) £ Q* (B) / dQ* (B) be the analytic torsion form of Definitions |2l8^ and 



2.91| in the Chern normalization of [ BGl| , such that 



(3.1) 



d^T{T"M,g^^,V^,g^) 



[ e(V^^)ch°(V^,5^)-ch°(V^,ff^), 

JMg/B 



as explained in Theorem 2.8f: and Corollary 2.92. 

Let h: M — > R be a smooth function that is Morse on each fibre of p, and let V^-^h be the 
fibre- wise gradient of h with respect to g^'^ ■ Let C C M denote the set of fibre- wise critical points 
of h, then p = p\c- C B is a finite covering of B. We denote the stable and unstable part of the 
vertical tangent bundle TX\c of C by T^X, T"X ^ C. 

Let V = {p\c)*o{T'^X) F\c B he the bundle constructed in Definition LI, equipped with 



a flat superconnection A' constructed as in Theorem 1.61 . The component oq of A' of horizontal 
degree in Q,*{B) defines a cochain complex on V. Let he the endomorphism of V induced 
by h\c- Let g^ denote the Hermitian metric on V induced by g^ , and let gy denote the L2-metric 
on H that is constructed as the restriction of g^ to the (oq + ao)-harmonic elements of V. Then 



we have the Chern-Simons class ch° ( V-^ , c/f^ , ) G n* (B) / Q* (B) of Definitions |2T| and 
which satisfies 

(3.2) d^ch°(V^,fff,,5^) =ch°(V^,5^) -ch°(V^,gfJ . 

Let T{A',g^,h^) e n* (B) / d^ n* {B) he the torsion form of Definitions |2l| and such that 

(3.3) d^r(A'<7^,/i^) = ch°(V^,5^) -ch°(V^,5^) G n*{B)f, . 

Let 5o he the 7r*o(TX)-valued current on the total space of the vertical tangent bundle vr: TX 
M, given by integration over the zero section M of TX. Let Q*{TX)q denote currents that are 
smooth away from the zero section of TX, and whose wave front set is contained in T*X\m C 



T*TX. Let ,g'^^) denote the 7r*o(TX)-valued Mathai-Quillen current on T*X of |[MQ1 

see also [BZll, such that 



(3.4) 



d^^V(V^^,5'^^) = ^*e(V^^) -5o G n*{TX), 



Let 6c be the o(TX)-valued current on M, given by integration over C. Then the wave front 
sets of Sc and {V^'^ h)*ip{\/^'^ , g"^^) are contained in T*X\c, and we have 



(3.5) 



V^^) - (-1) 



3C 
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Finally, let denote the additive genus introduced in BGl . Let C denote the Riemann 
function, and for a real vector bundle E M, let ch(£')[^^~denote the component of the Chern 
character of E in H^^{M). Then 



(3.6) 



^ OO 

'j{E) = -Y,C'{-2k)d.{E) 



k=l 



For convenience, we recall that Theorem 0.1 states that 



(3.7) T(r^M,5^^,V^,/) -r(A',5^,/.^) -ch°(V^,5f„<7^) 

= - / ch°(V^,5^) (V^^/i)XV^^,<7^^) +p,((-l)i"^''Oj(r«X-r"X)) rkF. 

J M/B 



modulo exact forms on B. Theorem D.l will be proved at the end of this section. 



3.8. Remark. The formulation of Theorem 0.1 is the same as that of Theorem 0.1 in [BGll. The 



only difference is in the definition of the "combinatorial torsion form" T. 



We discuss an important special case of Theorem 0.1. Assume therefore that there are par- 



allel metrics on F ^ M and on H ^ B, and recall the definition of the higher torsion 



classes T{M/B;F,h) and T{M/B;F) in |(2.93)| , cf. Definition |J| and Definition [2^881 . Theo- 
rem D.l immediately implies 



3.9. Corollary. Assume that the vector bundles F ^ M and H ^ B carry parallel metrics. Then 
T{M/B; F) - T{M/B; F, h) = ((-l)'"^-^ °J{T'X - T^X)) rkF . 

We will give an application of Corollary |3.9| in Section ||. 
3.b. Compatibility with known results on analytic torsion forms. We check that The- 



orem |0.l| is compatible with the transgression and variation formulas for higher analytic torsion 
forms of |BL and BGl , and with Poincare duality, cf. BGl], sections 7.4-7.6. On the other hand, 
we remark that most of the results of sections 7.8-7.10 inl BGl fail if h does not admit a fibre-wise 
Morse-Smale gradient field. 



3.10. Remark. From equations (3.1)| -(3.5) it is clear that applying the exterior differential on B 
to both sides of (3.7) gives the trivial identity 



/ e(V^^) ch°(V^,5^) -ch°(V^,5^) = / ch°(V^,50e(V^^) -p. ch°(V^,5^) . 
Jm/b Jm/b 

Thus, Theorem p.l| is compatible with the transgression formulas satisfied by T, T, ch° and ip. 



This automatically implies that Theorem 0.1 is also compatible with the variation formulas for T, 
T, ch°, ch° and Tp under smooth variations of M, g^'^ , and g^ . In particular, we may choose 



these data such that the simplifying assumptions of Proposition 1.10 are satisfied when we prove 
Theorem p.l| . 

Let V^'* be a smooth one-parameter family of flat connections on F, and let g^'^ be a smooth 
one-parameter family of Hermitian metrics, with s S [0,1]. Let {HsjV^'^ , g^^^) be the fibre-wise 
cohomology with values in (F, V^'*) with its induced L2-metric. We assume that dirnHg is constant, 
so that (HsjV^'^) becomes a smooth vector bundle on i? x [0, 1]. 
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For A; > 0, let denote the sum of the homogeneous parts of degree > A; of a differen- 

tial form. In |BG1 1, Definition 2.4, we defined the so-called Bott-Chern classes L{V^'^ , g^'^) £ 
n^'^{M)/dn*{M) and L{V^'',g^p £ Q^'^ (B) / dQ* (B) , see Definitions [TlOl and ^M , such that 

(3.11) d^'^L(V^'^/•^) = ch°(V^'\/'i)[^3] _ ch°(V^'°,5^'°)[^3] 

and (^^L(V^'^5^'^) = ch°(V^'i,5^'i)[^3] _^i^o^^H,o^^H,o)[>3] ^ 

see Theorem 2.20 and Corollary 2.92] (2). In |BG1| , Theorem 3.45, it was shown that 

= / e(V^^)L(V^'^9^'^) -L(V^^5^'^) , 

J M/B 

see Theorem 2.86| (3) and Corollary |2.92| (8). Similarly, we have shown in Theorem 2.58 and 



Corohary |2^ (7) that 

(3.13) T{A'\g'''\h''y^^^-T{A">,g''''',h''y^^^=L{V'''\g'''')-L{V'''\g^'') . 



3.14. Remark. By equations |(3.11)| - |(3.13)| , subtracting |(3.7)| for Fq from |(3.7)| for Fi in degree > 2 
after a straightforward partial integration gives the trivial identity 



/ e(V^^)L(V^'^9^'^)-L(V^'^5^'^) 

J M/B 



[ L(V^^5^'^) e(V^^) -p.L{V^'^,g^'^) . 

J M/B 



In particular, Theorem 0.1 is compatible with the known variation formulas for analytic torsion 
forms in dependence of the flat connection on F. 

Let o{TX) — > M denote the orientation line bundle of TX, and let n denote the dimension of the 
fibres p:M ^ B. Fibre-wise Poincare duality implies that there exists a canonical isomorphism 



H>'{M/B-F) ^ H"'-''{M/B;F (g)o{TX)). 



As in [BGl] , one verifies that the analytic torsion form satisfies 

(3.15) T(r^M, gTX^^F'^oiTX)^gF*^oiTX)' 



= (-l)"+iT(T^M,/^,V^,g^) G Q* {B) / dQ* {B) . 

If we replace the fibrewise Morse function h by —h and F by F* ®o{TX), then the bundles - 
B get replaced by V^-^ B. The superconnections A' and A" on V get replaced by A' and A" 
which are conjugates of A" and A' by the metric g^ . As in |[BG1| , Definition 2.46] implies that 



(3.16) 



-h 



V 



{-lY+^T{A',g^ ,h^) G Vt*{B)/dVt*{B) 



3.17. Remark. It has been checked in BGl that the remaining terms in |(3.7) satisfy equations 



analogous to |(3.15)| and |(3.16)| if one replaces h by —h and F by F o{TX). Thus, Theorem 
is compatible with Poincare duality. 
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3.18. Remark. In |BG1 , sections 7.8 and 7.9, we drew some conclusions in the special case that the 



metric g \c is parallel. We found that then the combinatorial torsion vanishes in higher degrees 
on B, and that the metric gy induced hy g^ on H ^ B is parallel; both due to the fact that A' 
takes the special form ag + with ag of degree on S and unitary with respect to g^ . 
If V'^^h does not satisfy Smale's transversality condition, then A' is more complicated, and we 



will give an example in[ G_ where T{A' ,g^ , hX) carries cohomological information even though 
is unitarily flat and H = 0. 

Moreover in our situation, is induced by + ai, which is not necessarily unitary, so we 
cannot conclude any longer that g^ is a parallel metric. Thus, the arguments in BGl 
and 7.9 fail in our context. 



sections 7.8 



Note also that in |[BG1| , Thm 7.11, we deduced that if the fibres are even-dimensional, then the 
bundle 



,ind^ 



TX 



c 



becomes trivial in KRq{B) (8>Q. By Theorem that will be proved in [G], the above bundle gives 
the difference between the higher analytic torsion and the higher Franz-Reidemeister torsion 

[ e{TX) ''J{TX) rkF = p*((-l)'"^'^ ''J{TX\c)) rkF , 

J M/B 



which may be nonzero. 



3.19. Remark. In |[BG1]| , section 7.10, we used Smale's transversality condition to show that for 
every subcovering C <Z C ^ B that leads to an acyclic direct summand V C we have 

(p|c')*((-i)"'^' °j(r^x - r'x)) = . 



We will see in Remark 5.14| that this is not the case in Hatcher's example, which shows that 
the Morse function in Hatcher's example does not admit a global Smale gradient field, and that 
Theorem 7.12 in |[BG1| becomes false without the transversality condition. 

3.C. Morse functions and Lott's pushdown. In this subsection, we give a short review of 
Lott's ii'jj-groups and describe the pushdown map p\:K^j^{M) — > K^j^{B) associated to a proper 
submersion p: M ^ B in the special case that M carries a fibre-wise Morse function. In Section |5^ , 
we will apply the ii'jj-functor to Hatcher's example and discuss a conjectural relation of p\ to a 
Becker-Gottlieb transfer. 

Let R he a right-regular, right-Noetherian ring, e.g., R = 1^, R = M or R = C Let p: R ^ 
End(C") be a complex representation of R such that C" becomes a flat i?- module. If M is a 
manifold and i*" — > M is a local system of right-i?-modules, let Fq = F ®p C" denote the complex 
flat vector bundle associated to F with flat connection V^. 

Lott first defines a Grothendieck group K'j^{M) with generators {F,g^,r]), where F is a local 
system of right-i?-modules, is a Hermitian metric on Fc, and r] £ Q^^^'^ (M) / dQ°'^'^ (M) is a class 
of even differential forms modulo exact forms on M. 

To define the relations in K^^{M), let 



(3.20) 











be a short exact sequence, choose metrics on F^^c and forms rji € r2®™'^(M)/dJ7°'^'^(M), and let T 
denote the Bismut-Lott analytic torsion of the finite-dimensional flat family of acyclic complexes 



(3.21) 







{F2,c,g' 
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over M. Then in K%{M), 

(3.22) [F2,g''^ , m] = [Fug""' , Vi] © [F3,g''' , %] if V2 = Vi+V3 + T . 
There is a well-defined map ch°: K^{M) — > J7°^^(M) given on generators by 

ch°[F,g^,rj] =ch°{V^, g^)-d7i, 
and K^{M) C K^{M) is defined as the kernel of ch°. Then K^^{M) fits into an exact sequence 

(3.23) i/^™'^(M, M) K\{M) K%{M) H°'^'^{M, M) , 

where Kj^{M) is simply the Grothendieck group of local systems of right- i?-modules on M, and 
the rightmost arrow is the characteristic class ch°. For any smooth map f:M^N there is a 
natural pullback f*:K%{N) K%{M) that restricts to a pullback f*:l{%{N) 'K^r{M) and is 
compatible with K3.23)| . 

Now let p: M — > i? be a smooth proper submersion, and fix a horizontal subbundle M and a 
vertical metric g^'^ ■ Let H = H*{M/B; F) denote the fibre- wise cohomology of F, which is again 
a local system of right-i?-modules over B, and let g^^ denote the L2-metric on Hq B. Then a 
pushdown in K^^{M) is given on generators by 



(3.24) 



p,.[F,g^,^] = \H,gl, [ e{TX,V^^) ^ - T{T^ M, g^^ , g^) 

I JM/B 



It is proved in |Ij that p\ is compatible with (3.22) . Moreover, the pushdown restricts to a 
map pr.K%{M) Kr{B) that is independent of M and g^^ . 

If h: M ^ B is a fibre-wise Morse-function, we define C, {V,V^ , A' , g^) B and gy as above. 
We define another pushdown on K^{M) by 

(3.25) Pih[F,g^,rj] = [h, g^ ,^,(^(-1)'^"'^ (Oj(r^X-T"X) rkFc + r?)) - r(A', 5^, /i^)' 
As in [[L]] , one can show that this pushdown is compatible with |(3.22) . 

3.26. Theorem. Suppose that /i: M — > R is a Gbre-wise Morse function. Then p\h restricts to the 
pushdown pr.K%{M) K%{B). 

Proof. The relations (3.22)| imply that 

(3.27) [F,g'^,ri'] = [F, 9^, r?' - ch°(V^, 9^, 9'^)] G Kl{M) . 

Also, a straightforward partial integration shows that 

/ e{TX,V^'')rj-p,r]= [ (V^^/i) ^V^^, 5^^) dr? 
Jm/b Jm/b 

modulo exact forms on B. Using |(3.7)| and the two observations above, we may rewrite (3.24) as 



p^.[F,g^,rj] = \H,g^,p.rj+ [ (V^^/i) ^V^^, 5^^) dry 

L JM/B 



T{T^M,g^^,V^,g^)-ch^{V^,gl,g^) 



p,n[F,g^,rj] + 0,0, / (V^^/i)>(V^^,5^^) (drj-ch°{V^,g^ 

I JM/B ^ 



The theorem follows because in K^{M), we have 

d?7-ch°(V^,/) =-ch°[F,/,?7] =0. □ 
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3.d. A proof of Theorem 0.1. In order to prove Theorem 0.1, we refer to the proof of Theo- 
rem 0.1 of [BGI . However, we have to replace all arguments that rely on the Smale transversality 
condition for the negative gradient flow, or on its consequences. We start by summarizing the places 
in BGI that depend on the Smale condition, then we indicate how to extend BGI to the more 



general case of fibre-wise Morse functions that do not necessarily admit a fibre-wise Morse-Smale 
gradient field, and finally, we show how to fit the contents of this paper into the general framework 



of [BGI], thereby proving Theorem 3.1 



In Chapter 5 of |[BG1| , we used the transversality condition to prove a families' version of the 
result of Laudenbach in the appendix of |BZ1] . In particular, we constructed a vector bundle V = 
C*{W'^; F) ^ B with a flat superconnection 

(3.28) A' = +v with u e Jl°(B;EndV) 

of total degree one, and an 17* (i?) -linear quasi-isomorphism 



(3.29) 



n*{M;F) — > ^*{B;V) , 



given as integration over the fibres of the unstable cells. 



In Chapters 1 and 2 of [BGI], we recalled and extended the construction of torsion forms from 
Section 2 (f) in |BL]| . The torsion forms 



(3.30) 



are only defined for fiat superconnections of the type (3.28)| , in particular, they converge only if 
there is no component in Q-^{B;'EndV). Moreover, the identity 



(3.31) 



only holds if the connection part of A' equals V^. 

we proved that up to a few divergences and correction terms, the 
converges to the form Tf{A',g^) of (3.30). We gave two proofs of this 



In Theorem 9.8 of [BGT 
analytic torsion form of |[BL 



theorem in Chapters 10 and 11 of BGl| While the proof in Chapter 11 needs the transversality 
condition in its full strength, the proof in Chapter 10 uses only that A' is of the form (3.28) , and 
this assumption is needed only in very few places. 

We now indicate the changes that lead to Theorem D.l. In Section || of this paper, we constructed 
a flat superconnection 



with 



G n^{B;End^-^ V) 



of total degree one on V, which replaces the one of (3.28) . If we view h\c as the "height" of a 
critical point, then the coefficients aj "move" elements of V "up" by at least > 0. We also 
constructed an i7*(S)-linear quasi-isomorphism 

/: n*{M;F) — > n*{B;V) 



that takes the role of P°° of (3.29) . The main properties of I and A' are summarised in Theo- 
rem 



1.61 



In Section g, we generalised the torsion forms of [BL], [BGI] to general fiat superconnections of 
total degree one that are compatible with an endomorphism given by the Morse function h\c- 
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The necessary condition is that {V,A',h^) is a family Thom-Smale complex in the sense of Def- 
inition 2.35 with an adapted metric , and the torsion forms Tf{A' , , h^) are constructed in 
Definition 2.46. 

In Section we summarise Chapter 10 of BGl and prove our Theorem 4.31, which replaces 
Theorem 9.8 of fBGll. We still use the Witten deformation as in [iBZ2il and II BGl || . In fact, our 
proof is a bit more direct because our definition of Tf{A',g^,h^) is modelled itself on a "Witten 
deformation" of the complex {V,A') with metric g^ . 

Let us recall Theorem 9.8 o f ||BG1|| . The definition of Tf{A',g^) in [[BL]| Chapter 2 and [[BGT 
Definition 1.29 was recalled in (3.30)| . It implies in particular that 

Tf{A',gy) - {x'{V)-x'{H)) ^°"/'(V^/2) | 

- {x'{V)-x'{H)) f^[f'{^t/2)-f'{^)) I 

^°°(strv^(iV^7/'(^M)) -x'W/'(0)) ^ 



-{2TTi)~ 2 



(27rz)" 2 



str^(iV^7/'(Xt,i))-x'(^)/'(0) 



dt 
2t ' 



where f{z) = ze^ , so in particular, /'(O) = 1. 

We must also recall the definition of x'^ {F) in BGl . Starting from (9.6) in BGl , an elementary 
calculation shows that 



indfc(c) 



n 



ind/i(c)) rkF 



cgC/B 

= stry((n - N^)) = nx{V) - x'{V) , 

and x'~iF) = Yl (-1)''''^''^'^ ^ndhic) rkF 
cec/B 

= stTv{N'') =x'{V) . 

With this preliminaries, we can now reformulate Theorem 9.8 of |[BG1| in our notation. 
3.32. Theorem. In the limit T — > oo, we have 



X'{V) nx{V) 



^ logr + rstry(/i^7) 
X'{V) nx{V) 



log7r + r^(A',5^) 



/OO 7 1 

/'(V^/2)f 

{x'{V)-x'{H)) ^'(/'(yZi/2)_] 



dt 
2i 



modulo exact forms on B. □ 

In Section ^, we prove Theorem 4.31 , which equals the theorem above, except that we do no longer 
require the existence of a Smale gradient field (which is used implicitly in [BGl], Theorem 9.8), 
and that Tf{A',g^) gets replaced by Tf{A',g^,h^). 
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Proof of Theorem 0.1. By Remark 3.10, we may assume that the simphfying assumptions of Propo- 
sition 1.10 are satisfied. By the definitions and arguments of Section we may replace the Chern 
normahzation in Theorem D.l by the normahsation f{z) = ze^ of (2.11). If we define 



(3.33) 



%(^)=iEfi^;iic'(-2^ch,E)i«i 



in analogy with (3.6) , then an elementary calculation shows that 

'J{E)= / {As{l-s))—%iE)ds. 
Jo 

It remains to establish 

(3.34) Tf{T^M,g^^,V^,g^)-Tf{A',g^,h^)-f{V^,gl,9^) 

= - [ /(V^,/)(V^^/i)XV^^,/^)+p*((-l)^"^"°//(T^X-r"X)) rkF. 
Jm/b 



As indicated above, this equation now follows from the proof given in Chapter 9 of BGl , where 
Theorem 4.31 replaces Theorem 9.8. □ 



4. The Witten deformation 



We consider the Witten deformation of the fibre- wise de Rham complex with parameter T > 0. 
Proceeding as in |BG1| , we show that for T sufficiently large, the de Rham complex splits naturally 
into two sub-complexes. One of these sub-complexes represents all eigenvalues that grow at least 
linearly in T (this will be made precise) , so that it does not contribute to the torsion integral in the 
limit. The other one can be identified with the sections of a finite-dimensional vector bundle V ^ B, 

While in 



generalising the families' Thom-Smale complex of [BGl 



BGll, the identification was 



provided by the integration over the unstable bundles of the fibre-wise gradient flow, we now use 
the integration map /: n*{M; F) 0*(S; V) const ructed in Section |l|. 

In Sections 4^-4x, we recall several results of [BGl] related to the model operator near the 
fibre-wise critical points, the space spanned by the generalised eigenforms with small eigenvalues, 
and the behaviour of the torsion integrand for large values of t, always using / instead of the 
de Rham map employed in |[BG1| . In Section ^.d| we show how the definition of T{A',g^ , hX) via 
finite-dimensional Witten deformation on Q.*{B] V) fits into the picture of the infinite-dimensional 



Witten deformation on 17* (M; F), thereby establishing Theorem 4.31, which was used in Section 3.d 



to prove Theorem 3.1 



4. a. The model operator near the critical points. We recall constructions from BGl 
sections 4 and 10 related to a model operator acting on forms on the total space of a Z2-graded 
Euclidean vector bundle E = E'^ © E~ over a smooth manifold C, with values in a flat vector 
bundle F ^ E that is pulled back from C. This will be applied as follows. Assume that p:M ^ B 
carries a fibre- wise Morse function /i: M ^ M with fibre- wise critical set C, and there exists a vertical 
metric on the vertical tangent bundle TX M, such that h and g^-^ satisfy the simplifying 

Then the restriction of the vertical tangent bundle to C splits 
T^X. The Witten deformed operator acting on Q*{M;F) 



assumptions of Proposition 1.10 
orthogonally as TX\c = T^X 
coincides with on E = TX\c in a tubular neighbourhood of C. It has been shown in [BGl] 



64 



SEBASTIAN GOETTE 



that for T oo, the operator e^'^ provides us with a good approximation for the heat kernel e^^, 
in a sense to be made precise later. 

Let vr: {E, g^) = {E~^ ,g^^ ) © {E~ ) ^ C be a Z2-graded Euclidean vector bundle of dimen- 
sion n = + n~ . Let = © be a Euclidean connection that respects the grading, 
with curvature . If we identify tt*E ^ E with the vertical tangent bundle of -E — > C, we can 
define a vertical radial vector field on the total space E by 

7^ = 7^++7^- with n^{p,e+,e-) =e^ eTr*E cTE , 

for all p G C and all (e"*", e~) E Ep. 

The connection induces a bundle connection on TE, i.e., a projection TE — > tt*E with ker- 
nel E, and g^ becomes a vertical metric. These data induce a connection on the vertical tangent 



bundle as in [B], Theorem 1.1, which coincides with the pull back of the connection V . The 



fibre bundle curvature of E C TE is given by = F^TZ, see (1.9) . 

Let VL*[E/C) — > C denote the bundle of differential forms on the fibres of E, equipped with the 
L2-metric 



9 



^*(^/^)(s,s')p= / 9''{s{e),s'{e))d\olE{e) 



where dVol^; is the volume element induced by the vertical metric g^ . Then V'^ induces a natural 
connection SJ^'i'^/c) on Q.*{E/C), and SJ^'i^/c) compatible with the La-metric c,*^*(^/c). 

If we identify E with E* , then E acts on Q*{E/C) by exterior multiplication e,,, interior multi- 
plication and two types of Clifford multiplication 

Cg £e and Cg -t~ ^g , 

satisfying 

[ce,Ce'] = -g^{e,e') , [cg,Cg']=0, and [cg, Cg/] = ^^(e, e') , 

where we use [A, B] = AB — (— l)'^®s^''^®s^iJA to denote the supercommutator of A and B. Fixing 
a local orthonormal basis ei, . . . , e„ of i?, we abbreviate Ej = Eej, ij = ie, etc. 

Finally, let {F,\/^) C he a flat complex vector bundle with a Hermitian metric g^ that is 
not necessarily parallel. Let V^'* be the adjoint of with respect to g^ , and set 

a;^ = V^'*-V^ = (5^)-i[V^,g^] , and V^'" = - (V^'* + V^) = + - a;^ . 

Then V^'" is unitary with respect to g^ . By an abuse of notation, we write (F, V^) — > E and g^ 
for the pull-backs (7r*F, 7r*V^) and 'K*g^ . Then g^ and g^ induce an La-metric 



5^*(^/^^^)(s,.').= / (5^©/)(s(e),^'(e))dVol^(e) 



on the bundle n*{E/C;F) = n*{E/C) (g> F ^ C. The connections V^, V^'* and V^'" induce 
connections on Vt*{E/C;F) denoted by 



yn'(E/C;F) ^ yn-(E/C;F),* ^ ^n'{E/C;F) _^ ^F ^ 

1 

2 



and y!^'-iE/C;F),n ^ ^ {E/C;F),* _^ yQ*(i5/C;F)^ _ 
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We are now ready to construct two superconnections on the bundle W{E/C\F) ^ C hy 

(4.1) A'o = d^ = e. + V"*(^/^^^) + , 

and A'o' = -Li + V^'i^/c^F),* _ ^^^^ 

Then A" is the adjoint of A' with respect to (■^/C;-^). 

Now suppose that /i*^: C — M is any smooth function, then the function h^-.E^R given by 

= h^ o7r + ^{\n+\^ -\n-f ) 

is a fibre-wise Morse function. The critical set is the zero section C C E of E ^ C, and its 
index is n~ = dimii^~. We extend the superconnections Aq and Aq to superconnection on the 
pullback n*{E/d: F) of n*{E/C; F) to d = C x (0, oo) by setting 

A' = e-^^^ (a'o + A dT^ e^n^ , and A" = e^'^" (a'^ + A dT^ ^-th^ , 

where T is the standard coordinate on (0, oo). Then A" is the adjoint of A" with respect to the 
pullback of the L2-nietric {f/C\F) denote the restriction of any of these connections to the 
submanifold C x {T} by adding a subscript ( • )t- 
Define an operator X on Q* (E/C; F) by 

X = i (A" - A') = ~{cj dj +Tcn+-n-) +^^^'1 ^F-n 

-Tdh^ - J ^^ L dT -h^dT = XT- dT . 

2 

The square of this operator is given by 

(4.2) X2 = - i (a^ + |7^|' - {F^n, F^n)^ + ^Vf^tz 

-'^(n+-N-+ + ^{F^ej,ek)cjCk 

= ±l + ^cn+-n-dT , 

where denotes the fibre- wise Laplacian on E, and N~^, N~ are number operators that act 
on A^E^ (g) A''E~ C A*E by p and q respectively. 

The model operator X is invariant under an R^-action that we now define. Let o(E~) = 
ynax^- _^ (J -j^Q ^Yie orientation bundle of E~ C. Let N'^'^ denote the number operator 
on A*T(0, oo) = M e M dr. 

4.3. Definition. For A > 0, set 

(1) rx (p) = (p, T/A) for p = {p, T) G 0, 

(2) rl^^~\o) = o eo{E-)r,p for oeo{E-)p, 

(3) r-f(/) = / eFr,p fovfGFp, 

(4) rf^^ia) = A^ a e A*Tr^pC for a e A*TpC, 

(5) (rf (^/^)(a;))(rAP,e) =A-?a;(p,e/VA) for a; G 0*(^/a)^, 
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where we agree that the rescahng of the coordinates T and e affects dT, but not the vertical forms. 
For uj en*{E;F) =n* {C; VL* {E/C; F)) , set 



(6) 



(r 



'){P, e) 



^A''TC(^n*{E/C;F) 



Note that r'^^^ \ '^a ' '^a ^'^^^^ are isometrics with respect to the puh-backs to C of the bun- 
dle metrics g"^^ \ and g^ (e/C;F) ^ When no confusion can arise, we will drop the superscript 
and write simply rx. 

4.4. Proposition. The operator satisfies 

= AtaXV^^ . 



Proof. This is clear from (4.2) and Definition 4.3. Note that dT is multiplied by A 2 by Defini- 
tion and (4). □ 



Let 



[0] 



be the homogeneous part of horizontal degree with respect to ft* (C) . Then 

-(xS°lr = l(A- + |K|^)+^-=l^ 

is a fibre-wise harmonic oscillator with spectrum |0, ^, 1, . . . }. Let o{E~) = K™^^E~ denote the 
orientation bundle of E~ . Then the map 



(4.5) 



jf^ : o{E-)®F — > keT{^^^^y C n*{E/C;F 
jf^\v) = 7r"4 e~~ Tr*v 



with 



is an isometry with respect to g^ and g^ {e/C\F) ^ 



Because 



(xf^')^ is nilpotent, the operators X!j^^ and Xi have the same spectrum. By 
Proposition 4.4, the operator X^ has spectrum Spec(X^)f;x{T} = {O, ...}. Let 5 C C be 
circle of radius 1 around and consider the map 

d\ 



= FT + QTdT £ n* [C ; End n*{E/C;F) 
We define another map J: A*Td o{E-) ® F ^ A*TC ® n* {E/C; F) by 



(4.6) 



J 



^tV*TC®n'{E/C\F) 



[0] A-TC^oiE- 



o r. 



Then we may rewrite Theorem 10.53 in BGlf as follows, where for any vector bundle y ^ we 
set 

Jl*(C/(0,oo);y) = {ue Q.*[C;V) \ lj^uj = 0} . 
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4.7. Theorem. The map P is a spectral projection that commutes with A' and A", is orthogonal 
with respect to (^/C;^) ^ and we have 

(1) Pg Jl^™''(c/(0,cx));End^™"17*(^/C) ® End°'^'^ n* {E / C) dT^ . 
For any positive integer k, 

(2) I 



1 



dX 



1m J{^)h X-X^ 

Let F be the range of P, then F is a finite dimensional bundle over C which is preserved by the 
action of r\, and F = ker(X'^) for k sufficiently large. 

The map J maps h*TC ® o{E-) ® F isomorphically to F, and J^°^:o{E-) F ^ pI"! = 
F n fi* [E/C; F) is an isometry. We may write 



(3) 



J(a a f ) = a ' 



n V 

-j (l+i?^)(7r*o) J $5vr*/ 



for a G A^^'^TC, o G o(F-), and / G F, wiiere 

(4) i?g G f]"™" (c/(0, oo) ; End"™" f)* (F/C) End°^^ 1^* (F/C) ^t) 

is au r A -invariant polynomial in TZ^ with coefficients depending only on F^* and T. □ 



Proof. It follows from Proposition 4.4 that P and F are r^-invariant. The other assertions on 



and F follow as in Theorem 10.53 in BGl . The fact that the only term in (4.2) containing dT is 



- CT^+_n- dT G End°^^ 0*(F/C7) dT 



accounts for the form of (1) compared to the corresponding statement in Theorem 10.53 in BGl 
From [[BZ2l , we know that J^^'^ takes the form 



n 



Then (3) follows immediately from (1), and Rj^ is a polynomial by (10.191) in |[BG1| , which is 
TA-invariant since F and P are r^-invariant, and of the form (4) by (1). □ 

Let J* be the adjoint of J with respect to g°^^ and iE/C;F) ^.j^g sense of Definition 2.7. 
Integration over the fibres of E~ — > C defines a map 

T.n*{E;F) — > n*{C;o{E-)0F) with /(a) = / a. 

Je-/c 



Then we have the following version of [BGl] , Proposition 10.58 and Theorem 10.59 for our model 
situation. 
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4.8. Proposition. There exist rx-invariant characteristic differential forms Rj*j and Rij G 

J^even,>2(^/(0,00)) oi R^^ , SUch that 

(1) J*oJ=l + Rj,j 



vr 



n ' —n 

C ^ 



(2) and J = e^^" ( -) ' {l + Rij). 



In particular, Rj^j, Rjj are polynomials in ^ without constant term. 

Note in particular that the right hand sides of both formulas are closed differential forms that 
do not contain any multiple of dT. 



Proof. These claims follow by elementary calculations using r^-invariance, see also BGl , Sec- 
tion 10.15. Since Rj^ is r;i^ -invariant, 



RE\{P,T,e)-T 2 RE\(p^l^^Te) ■ 



We will use the symbol | • | in the sense of (2.2) . Let v £ {o{E ) ® F)p^T, then 

n 

{j*oj){v) = e-ne\' |(l + i2g|(p,T,e))(^*t')|'dVol^(e) 

= T-— 7r-2e-l^l |(l + i?g|(p.i,,))(7r*^)|' dVoP(e) , 

■JEp 

which proves (1). Note that the part of Rj^ that contains dT does not contribute because it is odd 
as an endomorphism of r2*(S/C). 
Similarly, we get (2) because 

n 

T\ 4 



vr 

N^' r I |2 

1 „ e-l^ I (l + i?^|(,,i,e-))(vr*t;). 

Je-/c\p 

Note that if f = o ® / G o{E~) then 7r*o is a volume form on the fibres of E~ ^ so only 
the component of Rj^ in ^* (C'; {idf^.^g^j^.j^-j }) contributes, and this component again does not 
contain dT since it is even. 

Then both Rj'j and Rjj are rA-invariant, even forms of degree > 2, so they are polynomials 
in Y without constant terms. □ 
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4.b. Small eigenvalues and spectral projections. Let 

M = M X (0, oo) X M — > B = B X {0,00) xR 

be the pull-back of M ^ B to B. By an abuse of notation, let TX — > M and F ^ M denote 
the pull-backs of the vector bundles TX M and F ^ M to M. Let g^'^ and g^ denote the 
pull-back metrics on these bundles, then these metrics induce a fibre-wise L2-metric g'^'^'^ on the 
infinite dimensional vector bundle Q* {M/ B; F) B. For t S (0, 00), T E M consider the metrics 

9r = ]g^^ and g^ = e-'^^g^. 

These metrics induce a fibre-wise L2-metric g^'^'^ on n*{M/B;F) such that 



Let A' = denote the total derivative on Q*{M;F). We extend A' to a superconnection A 
on n* (M; F) by 

a' = A' + —dt + — dT . 
dt dT 

Let A be the adjoint superconnection of A with respect to g^-^'^ . Then we have 
(4.9) A" = t-^" e^^'^ (a!' + ^^dt + ^dT^ e'^^^ t^" 

Then we define a self-adjoint superconnection A on Vt*{M/ B; F) and a skew-adjoint operator X G 
0* (S; End 17(Af/S);F)— both with respect to g'^^^^—hy 

A = ^ (a" -h a') and ^ = ^ " ■ 

We will denote the restrictions of A , A and g^'^'^ to M x {t} x {T} by A^ j,, A'^j, and gj^'^ , 
respectively. We have 



X = XtT + — - hdT . 
2t 

If a[% and xfJp e ^^(S; EndJ)*(M/5; F)) denote the homo geneous part of horizontal degree 0, 

then A%,T - i^fjr)^ and X%,r - i^^t^rf are elements of 0>°(5; End 17*(M/5; F)) and thus 
nilpotent in Q*{B',Endn*{M/B; F)). This implies that 

SpecA^lt^T = SpecA^j. = Spec(A[%)^ 
= — SpecX^lt^T = — SpecX^-p = — Spec(x[°^)^ . 
Recall that a vector bundle V ^ B was defined in Definition |l.l| by 

= PiFy ^ o{N^) , 
and y = p,F|c®o(iV") = 0F^ 



dt 



and that we have constructed a map F.Vt*{M]F) — > ^*{B;V) in Definition 1.60, which is an 
J7*(S)-linear combination of maps that arise by integration over the fibres of certain subbundles 
of M ^ B. Let I^°^:n*{M/B; F) ^ V denote the homo geneous part of horizontal degree 0. Then 



we have the following result of [BZl], Theorems 7.8 and 7.9, and [BZ2], Theorem 6.11, cf. [BGl] 
Theorems 10.2 and 10.59. 
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4.10. Theorem. There exists Tn > such that for all T > Tn 



Spec(Aj2^) = — Spec(Xj'p) C 



t 

"•4 



U (4f,oo) , 



and the direct sums of eigenspaces associated to eigenvalues in [O, |] form a vector bundle W — > 
B X (0, cxd) X [To, cxd) C B, such that 

/[°V: W — > V 

is a linear isomorphism. 

Proof. We can copy the proof of BZ2 , Theorem 6.11. However, since I^'^^ is not simply integration 
over the unstable cell of the gradient flow, we have to use Theorem 1.61. □ 

Let S^{t) C C denote a circle around the origin of radius t, and note that if | < *i < 4t, then 



1 
27ri 



dX 



-r-2 



1 

27ri 



dX 



This allows us to patch spectral projectors that are defined on B x (^,4fo) x [To,oo) together as 



in the following definition, cf. Definition 10.33 in [BGl 



4.11. Definition. Define an endomorphism P of the bundle A*T{B) VL*[M/B]F) for T >Tq 
in a neighbourhood of i? x {(tg, T)} in i? x (0, oo) x [Tq, oo) by 



1 
2tH 



dX 



sHto) A - 



We recall parts of Theorem 10.9 from [BGl 



4.12. Theorem. For T > Tq, the operator F G n* {B;Endn* {M/ B; F)) is an even self-adjoint 
projector with range a finite dimensional vector bundle W ^ B x (0, oo) x [Tq, oo), which commutes 
with the action of A*T{B) and with A and A . For any integer k > and t G 4to), we have 



1 

2TTi 



dX 



s) X 



Let denote the restriction of the L2-metric g^j,' on ^1*[M/B;F) to Wt = W|bx{(i,t)}, 
which is a generalized metric on W in the sense of Definition |2.65| . Similarly, let denote the 
L2-metric on H induced hy g^j.' . 

4.13. Theorem. There exists a constant 6 £ (0, 1) sucii that for T > Tq, 

(1) ^°"(str(Ar^/'(X,,T)) -str(iV^/'(P,,TX,,TlPt,r))) ^ = 0(T-^) , 
and for all Ti > Tq, 

(2) /(V^,g^,g|f)-(2^i)-— (^str(iV^/ 



H,Ti 



x'{H)r{o) 



dt 
2i 



X'(i^)/'(0))| 



+ f{K,.,sZsl)+o{T,-') 
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modulo an exact form on B. 



Proof. Equation (1) is a consequence of Theorem 4.10 , cf. [BGl] , Theorem 10.5. 
We recah that 

■ dt = Xt,T + 



7 ^ , / TX,F\-1 ^9t,T 



TX.F 



Let 



dt 



t.T + ^'-f.rpdt and note that Fj^ = Ft imphes 



2t 



dt 



SO Pj rp interchanges the images of Pt^r and id— Pt^T- This imphes that 



(4.14) str(/(PTXTPT)j =str(/(P4,rXt,TPt,r 



+ str 



T Pt,T + 



N 



X 



2t 



+ Pt,rXt,rP;T 



/'(Pt,rXt,TPt,r)J dt 
str (/ {Ft,T ^t,T P* ,r) ) + str (a^^ /' {F^^t ^t,T Pt,T 



dt 
2i 



A similar argument with fixed t and variable T shows that 



(4.15) str 



str 



,r Xt,T Pt,r) - str /i /' (Pt,r Xt,T Pt,r) dT . 



Now consider the closed differential form on i? x (0, oo) x {T}, which is given by 

dt 



str /(PXP) -x'(^) /'(O) 



t 



str(/(Pt,TX,,TPt,T)) + (^str(iV^/'(Pi,TXt,TPt,T)) -x'(^)/'(0)) ^ 



str {h f (Ft,T Xt,T Pt,T) ^ dT + RdtdT , 



with R£n*{Bx (0,cx)) x [To,oo)). 



Let be the metric on the pull-back of -ff to x [Tq, oo), let V ' denote the adjoint of the 



=H „ —H 



pull-back V" of V" with respect to , and let 



lJ" = V - V 



Then we know that as t — > oo 
str (^/ (Fx 

cf. |BL| , Theorems 3.16 and 3.21. Now, equation (2) follows easily. □ 



X'{H) /'(O) j = str(/(^^/2)) + O(t-I) +0{t-l)dt, 
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4.C. The limit t oo and the class Sf{A',g^). We identify the bundle W ^ B with A*TB(g)V. 
This allows us to compare the term 

-(2^0-^^°"(str(iV^/'(P,,ToX,,ToPt,To)) -x'(^)/'(0)) ^ 

of Theorem |1| (2) with a class Sf{A', g^,g^) of the bundle V ^ B. 



Let /: 17* (M; F) i}*{B; V) be the integration map of Definition 1.6C, then we have an obvious 
extension 

I: n* (M; F) — > n* (B; V) , 



for which the analogue of Theorem [1.61| still holds. By Theorem 4.1C, /[''I provides us with an 



isomorphism of the bundle Wt^r —>^Boi the small eigenspaces with the bundle V of Definition 1.1 
By ri*(i?)-linearity, this implies that 

(4.16) ^ = ^w- W — > A*TB0V 
is an isomorphism as well. Define 

(4.17) sir = {ry{g^) =9^'''^ (!-'., •) 

Let A^*^ denote the total number operator on ^}*{M; F). Recall that we used the subscript ( • )t 
as an abbreviation for ( • )i,t- We collect a few properties of the maps P and I and of g^. 

4.18. Proposition. For T > Tq, the map ¥t^T satisEes 

(1) ¥t,T = t 2 W>j,t 2 . 

Moreover, Pf t is even in n* {B ; End n*{M/B;F)) and polynomial in \, aiidP|% = P^ independent 
oft. 

The inverse of If t is even in n*{B;}iom{V,Q*{M/B;F))) and polynomial in \ with = 
(I[°1|vft)~^ independent oft, and satisfies 

(2) =t~ 2 J-^t 2 

The map gYr ^ generalized metric on V that depends polynomially on j. If we set Qj- = 
(g^)t'^l, then there exists an even g'j, G VL* [B^EndV) such that ( 2. 70] holds for each T >Tq. 



Let A'Ij, denote the adjoint of A' with respect to g^j^ and set Xt^T = \ {-^tT ~ ^')> then 

(3) lt,T^t,T = Xt^T^t,T ■ 

Proof. Since A' is of total degree 1 and A" is of total degree —1, we have 

t 2 A't~=A' and t 2 A'^t~=A^r^ 



By Definition 4.11, this implies (1). 
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Next, we note that j. raises the total degree by 1, while A^-j, raises it by 2k — 1. This implies 
that 

does not lower the total degree. Moreover 

U [0] )2 _ a'[°1 A"t°l + A"f°lA'[°] - t (A^%^ 

preserves the total degree, and A^ — {h^^lpY is nilpotent. In particular. 



2TTi 
1 

27ri 



E(Kt-«^)' 



1 



dX 



dX , 



where the summation index k is bounded by dimS. Since j — (A^')^ is even, it is polynomial 
in J by (1), which proves the remaining statements on Pt,r- 

Taking the inverse of /I^llvi^^, and noting that It,r = I^t,T and (/Pi,T (-^^'^Wt)""'^)''^' = i^li 
may write 



This explains why It^T is even and polynomial in j. Claim (2) follows from the analogous statement 
for ¥t,T, because preserves the total degree. 

Since (/["^l | vk)"""^: ^ ~^ n^M / B\F) is clearly injective and preserves the total degree, we know 
that {^rp)^^^ = {{,I^^^\w)~^)* dtr '^ is a Hermitian metric on V that respects the Z-grading. More- 
over, is even because T[}p is. Finally, Definition 2.65 (3), (4) are clearly satisfied by [2.2) 
so is a generalised metric. It is also clear that is polynomial in |. 

In order to check (2.70), note that 



TX.F 



9t 



• , i;^" t 2 



Since is 0*(S)-linear, it cannot lower horizontal degrees, which proves that t 2 g^j,t~ 2 
is a polynomial in with leading term Qj.. This implies the first equation of (2.70). It also implies 
that 



t 2 g 



t,Tj 



dt 



t~ 2 



t 2 glrpt 2 



f- 
■>t,T ^ 



+ 



2t 



n-N 
+ {t 2 



dt 
-1 



2t 



t 2 gY^t 2 
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is a polynomial in with leading term ^ ||, which implies the second equation of (2.70) 



Finally, the adjoint of A' with respect to gYr written as 

A" - /"Pr* TX,F -T7* /pr* TX,F j-1 

^t,T — yh,T yt,T h,T J ^ yt,T yt,T h,T 

TT / TX,F\-l-rj* TX,Ft,-1 
= hT{gt,T ) ^ 9t,T \t 

which implies (3). □ 

Let a' , X.'rp and Xt denote the obvious extensions of A', A^lj' and Xt^T to the pullback of V 
to B X (0, oo) X {T} . Note that 

str(/'(Pt,TXt,rPt,T)) =x{V)f'{0) 
because /' is even and Ft^T^t,T^t,T is odd. With this observed, we can now calculate 

^"(str(iV^/'(P,,TXi,TPt,T)) -x'(^)/'(0)) I 

= -(27ri) 



(27ri)" 2 



^ ^str (iV^ - ^) /' (P,^^ Xt,T Pt,T) 

\'{H)-^x{v)) no) 



dt 
2i 



-{2TTi)-~ / str /(PtXtPt 

J(Bx(l,oo)x{T})/_Bx{r} 



x'(^)-5x(v))/'(0)|) 



-(27ri)-— / (str(/(XT 

J{Bx{l,oo)x{T})/Bx{T} 



x'(/^)-ix(^))/'(0)|) 



-{27T^)-— I I str^(^(gj:^)-i ^ f'{X,,T) 

y(^)-5x(v))/'(o))| 



Using Theorem 2.76| and |(4.15) , we can now rewrite the equation in Theorem 4.13| (2) as 

(4.19) f{V^,9^,9?)+Sf{T^M,g^^,V^,g^) 

= / (V^ , 5^ , sl^J + Sj {A' , ,g?J+ f{A' ,gl,g^) +0{T-') 

= fiV"" ,g" ,g^) + Sf{A',g'') + f{A' ,9'' ,gl) +0{T-') G n* {B) / n* (B) . 
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4.d. Thelimitr^ ooandtheclassr/(^',5^,/i^). We state some estimates for the generalised 
metric g^^ as T ^ cxo that were established in BGl |, and we use these estimates to identify the 
right hand side of (4.19) with the torsion form Tf{A',g^,h^), up to divergences and correction 
terms. 



Recah that we have defined an fi* (C)-linear map J : n* {C ; o{E- ) F) ^ n*{E;F) in |(4.6) 



that maps A*TC (8) o{E ) F isomorphically onto the bundle F ^ C of the fibre-wise generalised 
eigenspaces of the model operator X for the generalised eigenvalue 0. We will apply this definition 
to E = TX\c = © T^X. Restriction to T > Tq and push-down to x [Tq, oo) gives a map 



(4.20) 



J: n*{B x[To,oo),V) — > fl* {TX\c x [To,oo),tt* F) . 



Recall that by the simplifying assumptions of Proposition 1.10 , the fibre- wise exponential map 
at C C M maps the 2e-disc bundle of TX\c fibre-wise isometrically onto a tubular neighbourhood 
of C in M. Let us fix a C°° cut-off function ip:R ^ [0, 1] with 



1 if r < e, and 
if r > 2e. 



Then we may regard ip{\TZ\) J as a map 

(4.21) <^(|7^|)J: n*{B X [To,cx)),y) 
This allows to define 

(4.22) ex: A*TB ® F — > Wt by 



n*{M X [To,cx)),F) 



er = PT (e^'^(/.(|7^|) Jr) 



We recall a fundamental result from BGl 



4.23. Theorem ( |BG1| , Theorem 10.56, cf. |[BZ2J| , Theorem 6.7). There exists a constant c > 
such that as T ^ CO for any k > and any v £ ^1*{B; V), 



^i\n\)jT){v) 



I) 



uniformly in C'^-topology over compact subsets of B. In particular, ex is an Q* {B)-linear vector 
bundle isomorphism for sufRciently large T. □ 



This theorem was applied to prove an estimate for g^^ in BGl , Section 10.16, which we now 
recall. 

4.24. Theorem. There exists an rx-invariant and -self-adjoint Rt € n'''""^'^^{B;End''^'"^ V) 
commuting with V^, and N'^ , which is a polynomial in ^ without constant term, and another 
-self-adjoint R'j. G Q,*{B;EndV) with \R'j,\ = 0{e~'''^) uniformly in -topology, such that 



g^ = (idy +Rt + R't) e 



-Th^ (T 



TT 



El 

2 



Proof. By definition of g^^, 

(4.25) gy = g^^'^{l-Kj-K) 

TX,F / ij \-\ ij N-1 

= g^ (er o o e^j ■ ,eT o (1 o e^ j 
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I 1 TX F 

We will prove Theorem 4.24 by giving suitable approximations for / o and gj, ' using 
Theorem 1.61 and Proposition 4.8. 

Let c G Cp be a fibre- wise critical point of h, and let v £ Fc<E> o(T^X). Then 



(4.26) 



(loer)„W = e'^''°/(e-^^-eT(i;)) 



Clearly, 



Together with Theorem 1.61| (2), this allows us to replace M near C by the total space of the 
vertical tangent bundle E = TX\c — > C, and thus to approximate e~'^^°' o E by I o e^^ o J 
considered in Proposition (2). Here replaces h — ha, and we set hP = 0. In particular, 



if a / /?, then |(4.26)| gives 



(/ToeT).W = e^'^°0(e-^^|7;|) 
uniformly in C'^-topology, possibly with a new constant c. 



If we assume that (3 = a, then Proposition [4.8| (2) and (4.26) imply that 

{It o eT)a{v) = e^'^" (/ o e^(^-^-) o J{v)) + 0{e-'^ | 

+ -n- 

{l + Rij,T)v + 0{e-^^ \v\)\ , 



where Rij is an r^-invariant characteristic differential form of V"^"^ on C. We can summarize our 
results so far by 



n 



(4.27) 



Ix o ex = e 



vr 



l+p^RiJT + 0(e 



-cT 



with 0(6-"'^) G n*{B;EndV) for some c> 0, cf. |[BG1J| , Theorem 10.59, and pZ2| , Theorem 6.11 
Here, p*Rij^t £ rJ-^(-B, End 1^) clearly commutes with V^, , and A^^. By Proposition |4.8| 
RiJ,T is a polynomial in ^ without constant term. 

We regard the generalised metric g^'^'^ on V. Taking adjoints with respect to g^^'^ and g^ 
Theorem 4.23| implies 



•,(J^(^(7^) + 0(e-^^)) Un)jT+o{e-'^ 



The presence of the cut-off function LpiJZ) allows us again to replace M by p^{TX\c)- By Theo- 
rem 



4.7 and Proposition 4.8, we find 



(4.28) e^(7^^'^ = 5^( .,(p,(j* Jy) +0(e 



-cT 



idy +p*Rj-.j,T + 0(e' 



-cT 
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uniformly in C'^-topology, cf BGl , Proposition 10.58. Moreover, p*Rj*j^t £ rJ-^(-B, End again 
commutes with V^, , and A^^, and P*Rj*j,t is a polynomial in ^ without constant term. 

Let (idy +p*Rj'j,T + 0(e~^-^)) ^ denote the square-root of (idy +p*Rj*j,t + 0(e~'^^)), which 
is self adjoint in the sense of Definition Combining [425], [427], and [428], we finally find 
that 



= (idy +p^Rj*j,T + 0{e 



l+p^Rij^T + Oie 



-cT\\ 2 



AT" n 



-cT 



1 (T\ 2 



\dv +Rt + Oie 



-cT 



T\ 2 



vr 



-T/i^ V 
e g 



□ 



We can now compare the generalised metric gji with the deformed metric e ^"^'^ 5^ 
4.29. Theorem. As T ^ 00, 



Proof. We set 



' "--S^g?) = ( ^-^) (logT - log.) /'(0)+ 



^,,T = (idy +s {Rt + R't) ) e~^^ 



y * I 2 4, 

vr 



e J]*(S;Endy) 



and construct a family of metrics 



so = g^j, and = g^x- ^sT denote the adjoint of A' with respect to g^^, and 

let Xs,T = \ (^s T ~ ^')' then we have 

-1 "^s,T w/ 



(4.30) 



/(yl',e-^^'^5^,g^) = (2vrz)-^ ^ ^t^y Q (gj;^) ^ /'(X,^)) ds . 



Using Theorem 4.24 , we can estimate the various terms appearing in (4.30) . First of all 



Es,T {glr) 



V \-l "^s,T p-l 

ds ''^ 



idy +s(Rt + R^ 



T -r Itrp 

n 



\^Rt + R!t) 

^ (log T - log vr) (idy +s {Rt + R't))^ 

(log T - log .) (idy +s [Rt + R't) ) 

+ [Rt + Rt)^ (idy +s{Rt + R't)) 

- (log T - log vr) + 2Rt (id +sRt)-^ + {e-'^) 



n 
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uniformly in s, since Rt and N'^ commute. 

Now, we investigate the superconnections A' and A'^x- ^" adjoint of A' with respect 

to . Then we have 



and 



where adjoints are taken with respect to g , and we know that aj raises eigenvalues of h by at 
least because of Theorem 1.61 , while a* lo wers them by at least the same amount. Since the 
estimates in Theorem 4.23 and Theorem 4.24 include derivatives of Rip, we find 



E,^T A' E-^ = (idv +s{Rt + Rt)) + T [V^, h^^ 



T\ 2 



-Th" 



3 

V^+r[V^'*,/i^] +o(e-^^) . 



idv +s{Rt + R't 



Similarly, we obtain 

E,,T <T E-T = ^" Es,T = V^'* - T [V^, h""] + 0(e-^^) . 

Now we note that acts as a scalar function on each component V" = V\c^ of V, and that Rt, 
and V^'* preserve these components. Writing 

^ ^v,* _ ^^^^ ^^v ^ ^^v^ ^v^ ^ [V^-*, /i^] , 

we finally obtain 



stry 



-1^ 

ds 



S,T rl 



stry 



iV^ + ^) (log T - log vr) + 2Rt (id +Rt) f - T dh""^ + 0{e-^^) 



X'{V) nxiV) 



(Iogr-Iog7r)/'(0)+O(^i) , 



because ^ +T dh^ is odd and commutes with + 2Rt (id+i^r) ^, while /' is an even function, 
and supertraces of even powers of odd operators vanish. By |(4.30) , this finishes our proof of 
Theorem |]2|. □ 

Using this result, we can summarize the results of this section, where we now make use of the 

2 



fact that f{z) = ze^ by |(27lT) 



4.31. Theorem. As T oo, we have 

/(V^, ff^, + Sf {T^M, 5? ) - f ^ - log T + T stry {h^) 



2 4 
/(V^<7^,<7^)+r,(A',5^,/.^) 
'x'iV) nxiV) 



logvr - {x\V) - x\H)) f'{V^t/2) | 



[x'iV)-x'{H)) /(/'(^^/2)-l)f 
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modulo exact forms on B. 



This theorem is our analogue of Theorem 9.8 in |[BG1| . Note however, that a different notion of 
torsion appears in |[BG1| . 



Prooi. From |(4.19)| , Theorem |4.29| and the fact that /'(O) = 1, we get 



(4.32) f{y^,g^,gi})+Sf{T^M,g^^,V^,g^) - - (logT-logvr) 



2 4 

V 



/(V^,9^,9^) +5/(^',<?^) +/(A',5^,e-2^'^^ g^)+0{T-') E a* {B) / ^* {B) . 



We change back to the notation of Section 2.d. In particular, A'l ^ now refers to the adjoint of A' 
with respect to the metric g^ [T^ ' ' ' )' °^ course Xi^t = ^ (^i t ~ ^')- Then 



(4.33) 



/(>1^5^e-^^'^%^) 



-{2Tri)-~ j stry(^/i^ /'(Xi,,-2.)j dr 
-(2vrz)-— J^^^^stry[h'' f'{X,,T'))y 



By (4.32) and (4.33 



/(V^,9^,9l^)+5,(r^M,5^^,V^,9?) 



X^(l^) nx(F) 
2 4 

rB ^1 



(logT-logvr) +r stry(/i^) 



/(V^,5^,5C^) - (27ri)-— / (strv- (/^^ /'(Xi,^,)) 

G n*{B)/d^n*{B) 



In the limit T ^ oo. Definition 2.46| gives us 



f{V",g'',g?)+Sf{T^M,g^^,V^,g^) 



x'iV) nx{V) 



(logT-logyr) +r stry(/i^) 



2 4 
/(V^,5^,5^)+T/(^',5^,/^^) 

/oo 

- {x\v)-x'{H)) l^\f'{^t/2) - 1) I G n^B)/d^n%B) , 



2t 



which finishes the proof. □ 

4.34. Remark. Suppose that 7 is a fibre-wise isometry of M that acts on F and preserves M, 
g'^'^ , and g^ . Suppose also that 7 acts on the fibres of V ^ B preserving A', g^ and /i^, 
and that the map /: ^*(M\F') — > Vl*(B\ V) is 7-equi variant. Then there are forms /^(V^, 5^, (7-^), 
S f^~f{T^ M, g"^-^ , g^), Tf^^{A',g^, hY) etc., and all considerations in this section still go through 



and provide us with a 7-equivariant version of Theorem 4.31, cf. [BGIJ , Theorem 9. 
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5. Exotic smooth fibre bundles 

We calculate the analytic torsion form of a sphere bundle p^:M^ S^'^ that is fibre-wise 
homeomorphic to a trivial bundle, but not diffeomorphic. We then use this bundle to construct 
"exotic" bundle structures on a quite general class of compact fibre bundles. 



The construction of the sphere bundle p-^ in Section 5. a goes back to Hatcher, and was kindly 



explained to us by Igusa, see also |[I2|, Section 6. The computation of T(M^, S , C) in Section^ 



and the extension to bundles with arbitrary fibres in Section 5.c are still closely related to Igusa's 
work. 

In Section 5^, we use Hatcher's example to exhibit a large class of fibre bundles M ^ B where 
we can construct infinitely many bundles that are homeomorphic but not diffeomorphic as bundles 
to M 



B, see Corollary 5.22. In Section 5.e we finally prove a refinement of Theorem 



see 



Theorem 5.2£. We will also relate our results to DWW 



5. a. Hatcher's construction. We will construct a bundle A^-y S , with fibre 



(5.1) 



D 



m.+n 



see Figure 5.2. Here, 7 G ker J, see (5.3) below. The bundle M-^ will then be given by the fibre- 
wise double of A'^. Over the "southern" hemisphere D"^ C S^'^ of the base sphere, we take a 
fixed embedding of D^~^ into a fixed hemisphere of S^~^ = dD^ in (5.1), thus obtaining a fixed 
trivialisation of x D^_^ . 




u 





■j~^m-\-n 



Figure 5.2. A single fibre of 



We will now describe the construction over the "northern" hemisphere C S'^'^ . For fixed k 
and m, we have the J-homomorphism, which is given as 



(5.3) 



J: ^4fc-i(0(m)) 7^4fc-l(CO((5"^,a;o),(5'^xo))) ^^4fc-i+m(5"',xo) 



where xq S denotes the north pole. The groups TT4k-i{0{m)) and 7r4^k-i+miS"^ , xq) are inde- 
pendent of m for m sufficiently large, and Trik-i+m{S'^ , xq) is finite, while 7r4fc_i(0(m)) is infinite 
cyclic. Thus, pick 7^ 7 G ker J, which is represented by a map 7: 

^4fc-i _^ ^j^j^^ extends 

continuously to r- Df C°((5'^,xo), (5'™,xo)). 

For n large enough, using transversality, we can approximate the map 

Df X {S"',xo) ^ (5'",xo) ^ (5"^ X Z)"-\(xo,0)) 

by a smooth family of embeddings 7q: {S"^,Xo) ^ (S™ x D^~^, (xo,0)) for q G D"^, which equals 

{qr, x) 1 — > {lq{x), 0) for q € S^^'"^ = dDf , r G [\, l] , and x G 5"^ . 



The normal bundle J\fq S"^ of 7^ is stably trivial for all q £ D'^, because the tangent bundles 
of 5"™" and 5™ x are stably trivial. Making n even larger if necessary, we may assume that 
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the Mq are trivial. Then the bundle M — > x S"" is of course also trivial. Fixing a trivialisation 
of N and using the normal exponential map, we can extend 7 to a family of embeddings 

7g: S"' X — > S"" X L*"-! for q e Df . 

We may assume that there exists a map 7': 5'^'^""'^ x — > 0{n — 1) such that for all q G 5*4^-1 = 
dD'^ and all r S l] , the embedding becomes 

5.4. Proposition. The family of embeddings 7^: 5"^ x —>■ S"^ x for g G D^'^ is isotopic 

to a family of embeddings that restricts over ^^'^"^ = dD'^ to 

{x,y) ! — > (7g(x), (7-1 e idK„-i-™)(y)) for ai] q G ^^'^"^ . 



With this result, we finally construct Nj. We still identify with a fixed hemisphere 

of S*""^ = 91)". For g S -D^'^, we construct the fibre 

as in 1(5.1) , identifying 

G 5™ X Z)"-i C 5(1)'"+^ X Z)"-i) with 7g(x, y) G S'" x Ll^-^ C 5(5™ x D") . 
Then we can glue N^\j-)Ak with A^^|£,4fc along S"*'^~^ using the identity on 5™" x Z?" and identifying 

{q,x,y) G A^-^Id^ with (g, 7g(x), (7^"^ © idMn-i-^)(y)) G iVT,|D4)c . 

Finally, we construct the sphere bundle 

(5.5) p: = Uida^, ^ '^'^ • 

Proof of Proposition 5.4. Consider the family of rotations 5^*^"^ 0{2m) given by 

q ^ (7,0 7,-'): 5''"' ^ 0{2m) . 
By a well-known trick from if-theory, this family is homotopic to the trivial family q 
apply the Cartan projection GL(2m,IR) 0{2m) to the homotopy 

1 tjq\ (I OWl t^q\ (1-t -t 

1 i [-tj-^ iMo 1 A * 



(5.6) iq,t) 



in G-L(2m,M), where t G [0,1]. In particular, there exists a map G: 0{m + n) that for 

all q G and all r G [|, l] takes the form 

Grq = (7, © 7^' © id]Rn-m) . 

The map 7,: S"" x D"^~^ S"^ x D"~^ is determined by its 1-jet 

Dlq\s"-x{o}- TS"" X M"-^ — ^ TS"^ X TD^-^ . 
We add the trivial line M on both sides, and identify TS"" x M with M'""'"-'^ using the standard 
embedding S"" ^ W^+^. Then i:'7q|s-x{o} acts on TS"" x M by the matrix 7^ © idu G 0(m + 1) 
for q G S^''-'^. This implies that G'^ o I)7g|s™x{o} acts trivially on TS"" x R for g G S^''''^. 

Because the Stiefel manifold 0{m + n + l)/0(m + 1) is 4A;-connected for n sufficiently large, we 
can deform o D^q on D'^ relative to S^fc-i g^^j^ ^i^^^ TS"^ x M = R™-+i is trivially mapped 

to itself. Finally, we can deform the action on the factor M""^ to the trivial one over W^. This 
shows that the map o Djq\s,ny.^Qj can be deformed to the identity, relative to S^'^"^ x TS^ x 
M. Then D^q\s^y.^Qj can be deformed to Gq relative to S'^'^"^ x TS™ x M. In particular, the 
embedding 7^ is isotopic to an embedding that takes the form given in the proposition. □ 

In the remainder of this chapter, we will use the example above to construct families of bundles 
which are pairwise homeomorphic as bundles, but not diffeomorphic in one the following two senses. 
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5.7. Definition. Two fibre bundles p:M^B and p': M' B are homeomorphic (diffeomorphic) 
as bundles iff tliere exists a liomeomorphism (diffeomorpliism) <I> such that the left diagramme 
below commutes. 



M 



M' 



M 



M' 



B 



id 



B 



B 



B 



We say that p and p' are homeomorphic (diffeomorphic) as maps iff there exist homeomorphisms 
(diffeomorphisms) and ^ such that the right diagramme above commutes. 



5.8. Proposition. The bundle p: 
bundle. 



S is homeomorphic as a bundle to a trivial sphere 



Proof. It is well known that the diffeomorphism group of 1)™-+"- with the C'^-topology retracts 
to 0(m + n), so S^'^ is homeomorphic to some sphere bundle with structure group 0(m + n). 

Our claim then follows because the bundle p: — > S"^^ admits sections Ci, ... , Cq, and the 
restriction of TX to each of these sections is trivial. □ 

5.9. Remark. In the construction above, we did not care at all about the dimension of the fibre 
of p: S'^^ . It should be clear that there are some numbers p, q such that one can always keep 

the dimension of the fibre at most pk + and it is interesting to know explicite values of p and q. 
This question is adressed in |[I2|, see Theorem 6.2.2 and Corollary 6.5.8. 



5.b. The higher torsion invariants of Hatcher's sphere bundle. We calculate Bismut-Lott's 
analytic torsion form and Igusa's higher Franz- Reidemeister torsion of p: M-y S'^'^ by specifying 
a fibre-wise Morse function on M, 



7- 



We first construct a fibre- wise Morse function h: 



normal vector to dN^. We start with a fixed Morse function on 5™" 



such that dh is positive on the outward 
having exactly two critical 
points: a minimum of —3 at the south pole, and a maximum of —2 at the north pole. Adding a 
small positive function on D"" whose only critical point is a minimum at the origin, we obtain a 
Morse function on the trivial bundle 5™- x x S^^ S^^ . 

We then choose a Morse function on _D™-+i x D^~^ with only one critical point at (0,0) of 
value —1, such that D^~^^ x {0} is the descending cell, and {0} x D^~^ is the ascending cell. Clearly, 
these fibre- wise Morse functions can be patched together to give a fibre- wise Morse function h: Nj 



M with three leaves of fibre-wise critical points of indices 0, m and m + 1, see Figure 5.10. We may 
assume that h~^{0) = dN^. 

We finally get a Morse function on = Uidg^^ by taking h on one copy of and —h on 
the other. Assuming that n > m + 3, this new Morse function has six fibre-wise critical leaves Ci, 
. . . , Cg of indices 0, m, m-|- 1, n — 1, n and m + n, with values —3, —2, —1, 1, 2 and 3, respectively. 
In particular, no critical leaf can "cross over" another critical leaf of higher or equal index. For this 



reason, the "simplicial superconnection" a of Proposition 1.31 has no terms of higher degree, i.e., 
<^ap{(y) = unless cr G 5o. 



Letting F 



M-y X C be trivial, the bundle V 



'4fc 



is also trivial. We can arrange the 



superconnection A' of Theorem 1.61 to equal oq + V , with 



ao 





1 





1 



E r(EndF) 
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Figure 5.10 , The negative gradient flow of the fibre- wise Morse function h on A^^. 
parahel with respect to the trivial connection V^. Thus 

{Q*{S^'';V),A') = (0*(54'=),(i) ® (C^ao) 

is a product, and the bundle H = H* (M^ / S'^'' ; C) S'^'' is trivial, too. 

We also find that T{A' , hX) G R C il*(S"^'') is homogeneous of degree (it actually vanishes). 
However, the term 



in Theorem 0.1 does not vanish. The critical leaves Ci, C2, C5 and Cq lie within the trivial bundle 



Ak 



and come with trivial bundles T*X, T"X, so they do not contribute. The bundles TX\c^ and TX\c^ 
are trivial, because they arise from trivial bundles over D'^ and using the clutching func- 
tion q ^ (7g © 7~-^ © id), which is homotopic to the identity by (5.6) . However, the bun- 
dles r*'"X|c3 and T^'"X|(74 are not trivial because 7^ was chosen non-trivial. The bundle r*X|c_j 
is isomorphic to T^X\c^, and has clutching function 7"^. If u is a generator of H'^^{S'^^;1i) C 
H'^{S'^^), if 7 is the n^-th multiple of a generator of ker J, and if 7^ 6^ G Q is the coefficient 
discussed in [12], Remark 6.4.3, then 



(5.11) 



Uj bk u if J = k, and 
otherwise. 



By triviality of TX\c3 and TX\c^ and multiplicativity of the total Pontrijagin class, 

-rij bk u if J = k, and 



(5.12) 



P,{T-X\c,) =p,{T^X\c,) = -p,{T-X\c,) 







otherwise, 



Because the two flat bundles F — > and H S are trivial, we have a higher analytic torsion 
class r(M^/S'^'=;C) G n^^{S^'') as in Definition |]8|. By Theorem U and Corollary U, we get 
a parallel result to 12 , Theorem 6.4.2. Note that passing from Pontrijagin to Chern classes in the 
definition of gives an extra factor 2~'^. 
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5.13. Theorem. The analytic torsion class of the bundle — > S above is given by 



T(M^/5^^C) = (-l)"*+i°J(r^X|c3) + (-1)'"°J(T"X| 



C3 



+ (-1 







'j(T^x|c,) + (-i)"°J(r"x|cJ 



ifn + m is odd, and 
ifn + m is even. 



In particular, neither the sphere bundle S nor the disc bundle S are difFeomor- 



phic to a trivial bundle. Thus we recover a result by Bokstedt [Bo], cf. 12], Chapter 6. 

Note on the other hand that using Igusa's framing principle (Theorem 6.1.1 in |I2J|) , the higher 



Franz- Reidemeister torsion of [12] equals 



r(M^/5^^C) = (-l)'"2°j(T"X|c3) + (-1)" 2 °j(T"X|cJ =T(M^/S^^C) 
This is consistent with Theorem R^, by which 



T{M^/S^^;C)-t{M^/S' 



ik. 



e{TX) °J{TX) = , 



because the bundle TX\c is trivial by construction. 

5.14. Remark. Note that the superconnection A' = + aQonV 



S looks like a superconnec- 



tion of a fibre- wise Morse function with a fibre-wise gradient field satisfying the Smale transversality 



condition, cf. [BGlJ , section 5. On the other hand, if there was a fibre- wise Smale gradient field 



for h, we would have 



T'X 
T'X 



Co 



and 



T^X\c, 
T^'Xlc, 



T^X\c, 



C5 



by |[BG1| , section 7.10, contradicting (5.11) , (5.12) . This shows that the considerations in Section |] 
are indeed needed to deal with this example. 

5.15. Remark. Consider once more the (m + n)-disc bundle A^-,, — > S^'^ above. If m + n is odd, the 
boundary dN^ becomes a trivial smooth sphere bundle, possibly after replacing A^^-^ by A^^-^ x L'^' — > 
S^'^ for some / > 0. This means that instead of doubling Nj, we could glue A^^-^, and a trivial disc 
bundle to obtain another sphere bundle A'^^ — > S^^ with a fibre-wise Morse function with only four 
fibre- wise critical points, namely Ci, C2 and C3 on A^^ and a maximum on the trivial disc bundle. 
Then clearly 



T{N^/S 



•ik. 



In order to keep this chapter reasonably self-contained, we will stick to the slightly more complicated 
bundle p: Mj — > S^'^ constructed above. 

5.C. Exotic bundles over S"^'^ with general fibres. We extend Hatcher's example to generate 
examples of bundles with arbitrary fibre. This involves a very simple kind of a vertical gluing 



formula. A more general kind of vertical gluing will be discussed in ,G\. The following construction 
is closely related to Corollary 6.5.8 in [12]. We need it as an intermediate step for the general 
construction in the following subsection. 
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Fix k > and let X he a compact manifold of dimension dimX = 21 — 1, such that / is sufficiently 
large with respect to k. Let px'X x S'^'^ — > be the trivial bundle. We fix a Morse function 
on X, which gives rise to a trivial fibre-wise Morse function hx'-X x S^'^ — > M. Any flat vector 
bundle Fx ^ X of rank r with a parallel metric pulls back to a flat bundle Fx — > X x S'^'^. 



Let p^: S^^ be the bundle with fibre S*^' ^ constructed in Section 5. a. In particular, there 



exists a fibre- wise Morse function h-^: — > R that has six critical points on each fibre. Let S'^^ = 
Cq C be the fibre-wise maximum, then Cg has a trivial neig hbourhood U ^ Cq x D^^-i m^. 

We can now replace a small neighbourhood of one of the local minima of hx by M^\U, obtaining a 
new bundle p'^ : M'^ — > S^^ with fibre X that is still homeomorphic as a bundle to px ■ X x 5^^' . 
By gluing the bundle Fx X x S"^^ with the trivial bundle of rank r over , we get a flat vector 
bundle ^ M^, and F!^ M'^ is the pull back of F by the homeomorphism M'^ ^ X x S'^^ 
above. In particular, the fibre-wise cohomology of — > S'^^ is still a trivial bundle over S^^ with 
fibre H*{X;Fx). 

5.16. Proposition (cf. Corollary 6.5.8 in |[I2| ). If Fx X is trivial, we have 
T(M;/S^^C) =22-^j6fcC'(-2A:)u G H''^'''''^^{B;R) . 

Thus again, the higher analytic torsion is able to detect the "exotic" differentiable structure of 
the homeomorphically trivial bundle p'^ : M'^ S'^^ . 

In |GJ| , we will exhibit a spectral sequence argument which gives rise to a gluing formula for 
higher torsion invariants. In particular, we will find that 



Note that in the argument below, there are no spectral sequence contributions by |(5.18) 



Proof. After subtracting a suitable constant from h^, gluing with hx, and smoothing along the 
common boundary, we obtain a new fibre- wise Morse function h'^:M'^ — > M. Let C M'^ denote 
the critical points of h'^, then 

c; = c;+ u c- , 

where C'~ are the five remaining critical levels of h^, and C'^ are the remaining critical points 
of hx- This induces a splitting 

(5.17) y^ = y^'+eF^'- B . 

Since the descending cells of the critical levels C'^ can meet the ascending cells of C'~ in any possible 
way, we cannot conclude any more that the superconnection A' = V^^ +a' of Definition |1.60| on the 
family Thom-Smale complex 0*(S"^'^; V) still takes the form A' = V^t -|-ao with E VP{B, End^). 
We may however conclude that 

. (V d' 



with respect to |(5.17)| , such that b' G End and d G 0°(5;EndV::j-) are both of hori- 



zontal degree and parallel with respect to V^t . 

We note that the fibre-wise cohomologies of (V^"'",6') and {y!^~ ,c') are given by 

^ ^ ' ' \ w{x;C) j>o, y 1 ^ J l0j>0 
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because H*{VJ^ ,c') is the cohomology of a disc. This imphes in particular that 

(5.18) H*{v;,a'o)=H*{X;C)=W{v;+,b')(BH^{V!,-,c') , 

so the spectral sequence associated with the filtration V'y D V^'^ D degenerates already at Ei 



We now need the analytic analogue of Igusa's splitting principle ([12], Lemma 5.7.8). Multiplying 
the (parallel) metric restricted to V'~ by a small positive constant has the same effect 



on T{A' ,g ,h ) as conjugating a' by 



1 
T 



. In the limit T oo, only terms in {S ,EndV) 



remain, giving a torsion form in J^°(5'"=). The class T{M'^/S^^\C, h) G i7even,>2|-5'4fc>) jg unaffected 
by this deformation for all T > according to Corollary 2.63| . Because the rank of the fibre-wise 
cohomology does not jump in the limit T ^ oo by (5.18) , we find that 



>2 



. 



Because the bundles T^X and are trivial along C'+ , and the °J-classes of (T"" X -T^X)\^,- 
are the same as in Theorem 5.13, Theorem implies that 



(5.19) 



T{MUS'"'-C) = 'i^-''3hkC{-2k)u. □ 



5.d. Exotic structures on general fibre bundles. We show that we can alter the differentiable 
structure on a quite general fibre bundle by "horizontally" gluing with the bundle M'^ of the previous 



subsection. In the following subsection, we use the bundles obtained this way to prove Theorem 0.2. 

Let p = pq-.Mq — > i? be a smooth proper submersion of compact manifolds, and assume that 
the base is orientable with dimi? = 4A;, and that dimX = dimMo — dimi? = 2/ — 1, such 
that / is sufficiently large with respect to k. Let F Mq be a unitarily flat vector bundle. 
liH = H*{Mq/B- F) ^ B admits a parallel metric, the higher torsion T{Mq/B- F) e i?^R™'"^(-S) 
is well-defined. Otherwise, we fix an arbitrary metric g^ on H and regard the class 

T{M,/B;F,g^) = (r(r^Mo,5^^, V^,^^ + ch°(V^, <7^, <7f. 



>2 



in Q*'™'^(i?)/dil°^^(i?), which is independent of the choices of Mq, g^-^ and the parallel met- 
ric g^ , but depends on g^ . 

Let Xq = p~^{bo) C Mq be a fixed fibre of p for a fixed 6o £ B, and let Fq be the restriction 
of F to Xq. Let S'^^ be constructed as in the previous subsection with fibre X = Xq. 

We may assume that the bundles Mq B and M'^ — > S'^^ are trivialised in small discs Dq^ 
around Bq ^ B and D'^ C S'^'^, and we pick the horizontal subbundles Mq and M'^ according 
to that trivialisation. Fixing a metric g^ on X and gQ on H{X; F), we define g^-^ and gQ over Dq'^ 
and D"^ using the trivialisation above together with the given g-^ and gQ . Then the data defining 
the classes T{Mo/B;F,g^) and r{M'^/S'^^;Ei) coincide on dD^^ and which allows us to 

glue Mo|^\£)4ifc and M'^\ gAks^^,-^ along their common boundary, obtaining a new bundle 

pi: Ml ^ , 



where Bi is naturally diffeomorphic to B. In other words, we replace the restriction of Mq to Dq^ 

f; to Df. 



by the restriction M' to D^'' 
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Then pi: Mi ^ Bi = B is homeomorphic to po: Mq B as a bundle by Proposition 5.5 . Because 
the bundle F\x is diffeomorphic and isometric to ii'j|p-i(f, ), we can also identify the flat vector 
bundles F and Ej along M\dD, obtaining a new flat vector bundle Fi — > Mi. 

We note that all secondary data M, g^'^ , and gQ has carefully been chosen so as to be 
compatible with the gluing process. We now restrict our attention to the trivial bundle F = Mq x C. 
Proposition ^.16 implies that 



(5.20) T(r^Mi,5^^%(i,5 



TXi 



^triv'\ 



)+ch°(V^,5o^^^,5f:,J 



bk C' i-'^k) u £ n*{B)/dn*iB) , 



where gQi^^ and g^^^ are the L2-metrics on H = H* [Mq / B) = H*{Mi/B), and where u represents 
a generator of H'^''{B;Z) C H^^{B). Note that both ch.°{V^ , g^^^, g^^^) and u are given by 
smooth forms supported on Dq'^ C B, which are well-defined modulo differentials of forms supported 
on D^'' . 

Because the bundles pi and pq are naturally homeomorphic, we can identify the fibre- wise 
cohomology bundles H{Mi/B;C) Bi = B and H{Mo/B;C) B as flat vector bundles, and 
this identification is canonical on B C Dq' = Bi C . In particular, the metric g^ can be 



regarded as a metric on H{Mi/ B;C) as well. Passing to classes, equation (5.20) becomes 

T{Mi/B;C,g") =T{Mo/B;C,g^) +2'^-''bkC{-'^k)u G fl* {B) / dQ* (B) . 

Iterating this process gives bundles pj: Mj — > B for all j > 0. If we repeat the constructions above 
with 7 replaced by 7"^ in |(5.5)| , we also obtain bundles pj: Mj — > B for all j < 0, such that 

(5.21) r{Mj/B;C,g") =T{Mo/B;C,g")+2^-''jbkC'{-2k)u G n*{B)/dn*{B) 

for all J G Z. Let us summarize our examples so far. 

5.22. Corollary. Let p: M ^ B be a smooth fibre bundle with compact fibre X of dimension 21 — 1 
and an orientable, Ak-dimensional, compact base space B, such that I is sufEciently large with 
respect to k, and let g^ be a fixed metric on the fibre-wise cohomology H{M / B;C) B. Then 
there exist infinitely many bundles pj: Mj — > B for j €, j > 0, with fibres diffeomorphic to X, that 
are all homeomorphic to p = po as bundles, but with pairwise different values of 



I T{M,/B;C,g''] 

JB 



5.23. Remark. The result above is related to Proposition 6.5.7 in |[I2| for trivial bundles over ar- 
bitrary compact orientable base spaces. Indeed, if the bundle H{M/B; C) ^ B is trivial, then 
we could have stated Corollary |5.22 using Igusa's higher Franz- Reidemeister torsion T{Mj/B;C). 
However, Igusa's T{Mj / B;C) has so far only been defined if H(M/ B;C) — > i? is trivial, so we 
use T[Mj / B; F, g^) to get a more general statement. Since we used Theore m |0?1 to relate the 
higher analytic torsion of Hatcher's sphere bundles to t{M^/B,C), Corollary ^.22 is in fact an 
application of the methods developped in this paper. 

5.24. Remark. At this point, it is natural to ask for those cohomology classes on B that can 
be realised as differences of higher torsion classes of fibre bundles that are homeomorphic to a 
given M — > i? as bundles. Corollary 5.22 only realises certain multiples of the fundamental class 
as such differences. However, the gluing techniques used in the proof immediately give a slightly 
more general result, which applies in particular to the trivial bundle M x B ^ B. 
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Let p: M ^ B he a smooth fibre bundle with compact fibre X of dimension 21 — 1 and base 
space B. Assume that B contains a properly immersed oriented submanifold A of codimension 4k > 
with trivial normal bundle, which has a lift C M, such that / is sufficiently large with respect 
to k, and the vertical tangent bundle TX\n is trivial. Let a £ H^'^{B,'M.) be the Poincare dual 
of A. Let be a fixed metric on the fibre-wise cohomology H{M/B; C) — > B. Then there exist 
infinitely many bundles pj'.Mj — > B for j €, j > 0, with fibres diffeomorphic to X, that are all 
homeomorphic to p = po as bundles, but with 

(5.25) T{Mi/B-C,9^) =T{MQ/B;C,g^) +2^-^bkC{-2k)a e VL* {B) / dVL* {B) . 



Clearly, equation |(5.21)| is contained here as a special case where yl is a single point. 

To proof this claim, we may assume that N is embedded in M by transversality. Then let U 
denote a tubular neighbourhood of A, fix p S A, and let Dp be a fibre of the bundle U ^ N. We 
may assume that U fibres over a dim S-dimensional submanifold V C M with fibre D^^~^ , where V 
is transversal to the fibres oi M ^ B. By our assumptions, the bundle U ^ V is trivial, and we 
have a projection 



it: V 



D 



4fc 



with 



U = TT*(D 



21- 



1 ^ ^4fcN 



V . 



Thus, we can replace U by the pullback of the bundle M^\ij4. 
critical level Ci removed as in Section 
and 



D^'^ with a neighbourhood of the 



5.2r 



Then (5.25) follows by the same arguments as (5.19) 



5.e. Homeomorphism classes and diffeomorphism classes of submersions, and a proof 
of Theorem 0.2. In the last section, we have exhibited a method to construct an infinite fam- 
ily of pairwise homeomorphic fibre-bundles with pairwise different higher analytic torsion classes, 
starting from an arbitrary fibre-bundle with compact fibre and compact orientable base of the 
right dimensions. To prove Theorem 0.2, we have to show that an infinite subfamily has diffeo- 
morphic total spaces and that these bundles are pairwise not diffeomorphic as bundles, which is 
again a consequence of Corollary ^.22 above. In Theorem 5.29| , we give a necessary condition for a 
diagramme 



M 



M 



B 



B 



as in Definition to commute, where $ and ^' are now diffeomorphisms. This proves Theorem |0^ 
and gives the refinement mentioned in the introduction. 

Therefore, let p: M ^ B he a smooth fibre bundle with compact fibre X of dimension 21 — 1 
and an orientable, 4A:-dimensional, compact base space B, such that I is sufficiently large with 
respect to k. Let F ^ M he a unitarily flat vector bundle, and let pj:Mj — > B and Fj — > Mj 
he constructed as in Corollary 5.22. We do not require that the pair-wise isomorphic flat vector 



bundles Hj = H*{Mj/B; C) — > i? carry a parallel metric. 

A careful investigation of the construction in Section 5.d shows that Mj arises from M by 
removing several subsets Di diffeomorphic to D'^'^ x D^^~^ and gluing them back in a different way, 
such that before and after the gluing, the fibres of p respectively pj intersect D^'^ x L)^'"^ either 
in {b} X D^^~^ for some h G or not at all. After sliding the sets Di around within M, we may 
assume that all Di are contained in a larger set D C M diffeomorphic to D^^ x such that 

each inclusion Di ^ D projects to the identity on D'^'^ . If we denote the corresponding subset of Mj 
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by -Dj, then Dj is still diffeomorphic to D'^'^ x Z)^'"^, where the fibre of pj intersect D^'^ x D^^~^ 
either in {6} x D^^~^ for some h G D'^^ or not at all. 

We construct Mj for j < similarly by glueing in |j| copies of another exotic sphere bundle 
where we start with the inverse of 7 in 7r4fc_i(0(m)). Then (5.21)| still holds. 



5.26. Proposition. There exists jo G Z such that there exists a diffeomorphism 

Qf M ^ M, with ej\M\D = '^^M\D- M\D ^ M,\D^ 
for all j G joZ. In particular, @j lifts to a parallel map 

Q.; F Fj with _ = id^|^^ _: F\^^j^ ^j\M,\D, 



Proof. By the constructions in Subsections 5x and 5^, there exists a possibly exotic (4A; + 21 — 1)- 
dimensional sphere S such that 

^ V ' 

j times 

for all j > 0, where the connected sum operation takes places inside D. For j < 0, we have to take 
the connected sum with |j| copies of another possibly exotic sphere E'. Because the group of exotic 
spheres is finite in each dimension, the first claim now follows. 

The second claim is then clear because F and Fj are up to isomorphism the unique extensions 
of F\jyj^^jj to M and Mj, respectively, thus Q'jFj and F are isomorphic as flat bundles and can thus 
be identified. □ 



It is an immediate consequence of Corollary ^.22 that the maps p and pj o 0^- differ somewhere 



on D for j ^ 0. On the other hand, recall that by Proposition 5.8, there always exists a homeo- 
morphism Q'-: M Mj supported on D such that p = Pj o Q'-. In the remainder of this chapter, 
we want to generalise and strengthen this observation. But first of all, we need some facts on 
Chern-Simons classes. 

Let (F, V^) ^ M be a flat vector bundle, and let Viff{M; F) denote the group of fibre preserving, 
fibre- wise linear, parallel diffeomorphisms ^-.F^F. An element $ G T>iff{M;F) is a parallel 
lift of a diffeomorphism of M, which by an abuse of notation will again be named If M is 
oriented, let Viff^ {M; F) C Viff {M; F) denote the subgroup of lifts of orientation preserving 
diffeomorphisms of M. 

Let F = F X [0, 1] denote the trivial extension of F to M = M x [0, 1]. For ^> G 'Diff{M; F), the 
bundle F naturally extends to a flat vector bundle 

T$F = F/ ~ — > T^M = M/ ~ 

over the mapping torus Ti^M, where "~" is generated by {v, 1) ~ (<I>(i;),0) for all v £ F, respec- 
tively {p,l) ~ ($(p),0) for all p G M. If is any metric on F, let gf be a family of metrics 
that interpolates between g^ = g^ and gf = ^*g^ ■ Let g^ denote the corresponding metric on F, 
then g^ descends to a metric 

Now we assume in addition that M is oriented and that ^ preserves the orientation. By the 
definition of the Chern-Simons class ch°, we have 

(5.27) / ch°{V^,g^,<^*g^) = [ ch°(v^/) = ch° (V^-^) [T^M] , 

Jm Jmx[o,i] ^ ' 



independent of the choice of g^ . 
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5.28. Proposition. Assume that M is oriented, then the map 

Vijj'^{M;F) — > R with ^ i — > ch°(V^*^) [r$M] 

is a group homomorphism. 

Assume in addition that dimM > 0. Then ch°(V^'*"^)[T$M] depends only on the homotopy 
type of the action of $ on M. If F carries a parallel metric or if ~ idM for some k ^ 0, 
then ch°(V^*^)[r$M] = 0. 

To see that the invariant ch°(V"^*''^)[T$M] is nontrivial, one may consider a surface M of genus > 
2 and a diffeomorphism $ such that T^M = M'^/T becomes hyperbohc with fundamental group T C 
SL(2,C). We then choose F ^ M and a lift ^ to F such that T^F becomes the flat bundle 
associated to the adjoint representation of SL{2,C) restricted to F. In this case, ch°(V"^*^)[T$M] 
is a nonzero multiple of the hyperbolic volume of T^M. 



Proof. The map ch°(M;F) is a homomorphism by (5.27) , because for <I>, G T>iff {M; F), we 
have 

ch°(V^,5^, o = ch°(V^,/, + $*ch°(V^,/, 

modulo exact forms. 

We now assume that dimM > 0. Let the action of <I> on M be homotopic to the identity, 
then r$M is diffeomorphic to M x S*^. Because flat vector bundles on AI x are given by 
representations of 7ri(M) x Z, the bundle T^F decomposes into parallel subbundles of the form 



where Fm M and Fgi are flat vector bundles. By Proposition 1.13 in [BL] , we have 

c\{'{y<''^'®<^s^^ =7r*ch°(V^*^) rkF^i + rk^M vr^ ch°(V^si ) , 
thus in particular 

c]i°{v<^^'®<^s^^ [M X 5^] = . 
If is homotopic to the identity, the homomorphism property implies that 

k ch°(V^*-^)[r$M] = ch°(V^*^^)[r$.M] = . 

Assume that is a parallel metric, then ^*g^ is also parallel, and we may interpolate by a 
family g[ of metrics that are parallel on M x {t} for each t. Then ch°(V"^*-'^, 5^*-^) G 0^(r$M), 
in particular 

ch°(V^*-^)[r$M] = . □ 



We now want state the main application of Subsections 5.c and 5.d, which allows us to give 
many examples of manifolds M, B that allow infinitely many smooth maps M ^ B that are pair- 
wise conjugate by homeomorphisms, but not by diffeomorphisms. Whenever the dimensions match 
and B is compact and orientable, we can construct infinitely many proper submersions M ^ B that 
are homeomorphic but not diffeomorphic as bundles. Let us write qj = pjjg o Qjj^, where jo > 
and are given by Proposition 5.26. 
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5.29. Theorem. Let p: M ^ B he a proper submersion. Assume that B is compact, orientable, 



and of dimension 4k > 0. Let the bundles [qj: M ^ B] 



iG2 



with 



p be constructed as above. 



Assume that for i, j G 1^ with i ^ j, there exists diffeomorphisms $ G 'Diff{M) and ^ G 'Diff~^{B) 
such that the diagramme 

M — ^ M 



B 



B 



commutes. Then ^ £ Viff+{B;H) for H = H*{M/B;C) ^ B, and 

ch° (V^-^) [T^B] = 2"-^ {j - i) jo bk C'{-2k) . 

In particular, this is only possible if H ^ B does not carry a parallel metric, and if ^ does not 
represent a torsion element in the mapping class group. 

Proof of Theorem |0.2| . By Proposition |5.8| , the maps qj are pairwise homeomorphic as bundles, 



in the sense of Definition |5.7| . In particular, they are also homeomorphic as maps from M to B. 
Proposition 5.28 and Theorem |5.29| have the following two easy consequences. 

(1) If the bundle H = H*{M/B; C) carries a parallel metric, then the maps qj are not pairwise 
conjugate by diffeomorphisms, in particular, they are not pairwise isomorphic as smooth 
fibre bundles. 

(2) If the bundle H does not admit a parallel metric, then the maps qj are not pairwise iso- 
morphic as smooth fibre bundles, because ids clearly is a torsion element in the mapping 
class group. 

This proves Theorem p.2|. □ 



Proof of Theorem |5.29| . We know from Proposition |5.8| and the construction in Subsections p.q 
and |5.d| that the fibre bundles qi, qj: M — > B are homeomorphic to M — > by a homeomorphism 
that is supported on a contractible subset of M. To avoid confusion, we will write qi and qj instead 
of M/B whenever necessary. In particular, the fibrewise cohomologies H*{qi; F) and H*{qj; F) ^ B 
can be identified with the original H ^ B. By functoriality of the fibre-wise cohomology, the 
diffeomorphism ^' lifts to 'Diff^ {B; H). 
If Qq is any metric on H, the class 

is independent of the choices of M and g'^^ by Corollary |2.17| and Theorem |2.4£ . Since we 
assume that 6.\mB > 0, we obtain an invariant 



T{M/B,C;g'o 



B 



Tf T^M, 5^^, d, 5*"") -ch°( 



d.°{V^,gl,g^ 



which depends on the choice of g^ by 

(5.30) T(M/i?,C;5f ) - T{M/B,C;g^) = - [ ch° {v"" , g^ , g^) . 

J B 

By naturality of torsion, we find that 

(5.31) r{q„C;g^)=T{q,,C-^*g^) . 
On the other hand, it follows from |(5.21) that 

(5.32) T{q„C, g^) - T{q,, C, g^) = 2^-'{j - i) jo Q' {-2k) u , 
where u is the positive generator of H'^^{B;'L). The formula in the theorem follows from (5.27) 



and (5.30) - (5.32) . The remaining conclusions are a consequence of Proposition ^.28 . □ 
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5.f. Hatcher's example and Lott's secondary K-theory. We reformulate Corollary p.22 
in the language of Lott's secondary iiT-theory i^T^j of [[L], cf. Section 3^. We will see that the 
different maps pj: M B constructed in Subsections |5.d| and 5.e give rise to different pushdown 
maps pj\: K'j^{M) K^(B), at least if tti{B) is finite. We also discuss this fact in the light of 



Conjecture 1 in [ L |, which relates the pushdown p\ to a Becker-Gottlieb transfer. 

Thus, let p: M — > B he a smooth fibre bundle with compact fibres, and assume that B is 
compact oriented with dimB = Ak and the dimension of the fibre is odd and sufficiently large. 
Let {qi'.M — > B)i^i with qo = P denote the maps considered in Theorem 5.29 . We take R to be 
one of Z, M, C for simplicity and let p: R ^ C he the inclusion. Then by (3.25) and Theorem 3.26, 



(5.33) 



(?4Mx i^,5*"^0] =go![Mxi^,5*"^0] + [0,0,in] 



for some nonzero u G //'^'^(S''*^, M). By Proposition 5.35 below, the elements of K^{B) given 
by 1(5.33) are pairwise different, at least if tti{B) is finite. 

In the following, we let i? be a smooth manifold with finite fundamental group. Then we claim 
that there exists a well-defined map 



ch°: K° 



even, > 2 



(B)/dJ7°^^(5) 



To define ch° on a generator {F,g^,ri), we choose a parallel metric on Fc, which is possible 
because B is simply connected, and we set 

(5.34) ch°(F,/,r?) =ch°(V^,5o^,/)[^2] _^[>2] 

This is independent of because for two parallel metrics , gf on F, we have da."^^/^ , , g[) G 
M C Q'^{B) modulo exact forms. 



It is easy to check that (5.34) complies with (3.27) due to the properties of ch°. We check 
that (5.34) is compatible with the K^j-relations (3.22) . Regard a short exact sequence as in (3.20) 



By (3.27) , we may choose parallel metrics g^^ on the bundles i^i,c- Then the associated Bismut-Lott 
torsion of [(3.21) vanishes in degree > 2, so (5.34) is compatible with (3.22) and the map ch° is 
well-defined. 

5.35. Proposition. Assume that vri(i?) is finite, then 
and the combined map 



H 



is multipUcation by — 1. 



even, > 2 



ch° 



H 



even, > 2 



{B,M.) 



Proof. Because B is simply connected, the sequence |(3.23)| becomes 

iJ^™(S,M) > K%{B) > i^i^(pt) ' 0- 

Since any element of K^(B) can be represented as a sum of -fC^j'S^^^rators {F,g^,r]) with paral- 
lel g^ and rj G i/®™'^(i3, M), the proposition follows from the fact that ch° is well-defined. □ 
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5.36. Remark. Lott conjectured in L that pi is related to a Becker-Gottlieb transfer. More precisely, 



let J-% denote the homotopy fibre of the map 



K*{R) 



K*{C) 



UK{R,2j + l) 



where K* denotes the spectrum of algebraic iT-theory, and i^(]R, 2j — 1) denotes the Eilenberg- 
McLane spectrum of odd real homology. Here, the left arrow is induced by the representa- 
tion yo: i? — > End(C"'), and the right arrow is the Borel regulator map. Then is again a 
generalised cohomology theory, and the Becker-Gottlieb transfer gives a homomorphism 

(5.37) t^g: KiM) rl{B) . 

Lott conjectures the existence of a natural map K^p^ that fits into commutative diagrammes 



(5.38) 



iJ^™'^(M;]R) 



cf. [3j3], and 
(5.39) 



K%{M) 
pi 



The Becker-Gottlieb transfer itself is a stable map t-qq: M+, which can be defined without 

referring to the smooth structure of g: M — > B, see BeG]| . This implies that TgQ in (5.37) is the 
same map for all qi, i G Z, whereas the maps qi\:K^^{M) — > K^{B) are pairwise different by 



(5.33) and Proposition 5.35 if tti{B) is finite. We conclude that the -fC^j'P^shdown contains more 
information than the Becker- Gottlieb transfer t^q in J^^. Moreover, if a natural map — > 
satisfying (5.38)| and |(5.39) above exists, then the element [0, 0, u] £ K^j^{B) of (5.33)| lies the kernel 



of Kj^{B) — > J^^{B) for all closed oriented B of dimension 4k. 
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